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Abstract: We investigated the optomechanical dynamics and explored the quantum phase of
a Bose-Einstein condensate in a ring cavity. The interaction between the atoms and the cavity
field in the running wave mode induces a semiquantized spin-orbit coupling (SOC) for the atoms.
We found that the evolution of the magnetic excitations of the matter field resembles that of an
optomechanical oscillator moving in a viscous optical medium, with very good integrability and
traceability, regardless of the atomic interaction. Moreover, the light-atom coupling induces a
sign-changeable long-range interatomic interaction, which reshapes the typical energy spectrum
of the system in a drastic manner. As a result, a new quantum phase featuring a high quantum
degeneracy was found in the transitional area for SOC. Our scheme is immediately realizable and
the results are measurable in experiments.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Cavity quantum electrodynamics (CQED) describes the coherent interaction between matter
fields and electromagnetic (EM) fields within optical resonators. In the CQED systems, the
dynamics of the matter field and that of the EM field greatly affect each other [1,2]. Cavity
optomechanics is one of the good examples studying the coupling between a quantum mechanical
oscillator and the EM field inside a cavity [3-5]. It has been a continually refreshing subject
in cold atom physics. Through the combination of CQED and cold atom physics, a wide range
of exotic quantum phenomena have been investigated. In the past few years, there has been a
breakthrough in realizing the spin-orbit coupling (SOC) in cold atom gases [6—8] which could
be naturally incorporated into the CQED systems. Perspectives of new quantum kinetics and
fascinating phenomena are being opened up in the relevant areas like realizing quantum systems
with synthetic dimensions [9], ideal Weyl semimetal [10], and superradiant phase transition [11].

In the experiments of the ultracold atomic gases with the SOC in open space, the coupling
between the atomic spin (or pseudo spin) and the center of mass (c. m.) motion is induced by
utilizing the classical Raman laser beams [6—8] that are far-detuned with the atomic resonance
frequencies. Then the coupling between lights and atoms is weak; thus the fluctuation of the light
fields is negligible. However, when the atoms are placed inside the cavity, the atoms can exert a
strong influence on the cavity field; thus strong nonlinear effects would arise [12—15]. Meanwhile,
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because all the atoms couple to the same cavity field, a long-range atomic correlation could
be induced. With the help of optical resonators, different kinds of cavity-mediated long-range
atomic interactions have been realized in investigations on dynamical phase transitions [16],
Spin Entanglement [17], superradiant quantum phase transition [18], etc. Such nonlinearity and
long-range correlation generate many intriguing effects that are unique in the CQED systems.

This paper is devoted to the study of optomechanics and the rich quantum phase of a Bose-
Einstein condensate (BEC) contained in a ring cavity in which a light in the running wave
mode is maintained. It is a typical CQED system that can generate a semiquantized SOC
for the atoms [2,19]. We are going to show that this system is an optomechanical system
and that the optomechanical kinetics of the matter wave excitations is highly integrable and
traceable. This is a valuable merit in contrast to the previous works [6,7,14,20]. Moreover, it has
been demonstrated that CQED systems with SOC can have very rich quantum phases [19,21]
and complex dispersion relations [2]; and along with these phenomena, there is the typical
double-minima to single-minimum transition in the energy dispersion relation. However, due to
the presence of the long-range correlation among the atoms induced by the SOC in the cavity,
a new quantum phase with high quantum degeneracy will appear at the transition point. The
latter part of this work is to uncover this new phase. This paper is organized as the following:
In Section 2, we present the principal model and theory of the CQED system with the SOC. In
Section 3, we study the properties of the optomechanical motion of the magnetic excitations of
the system. In Section 4, we demonstrate a detailed analysis of the spectrum of the elementary
excitations and present the phase diagram of the magnetic order of the matter field, in which the
new quantum phase is included. Finally, in Section 5, we give a discussion and summary of our
results.

2. Description of the system and the model

Consider a BEC trapped in a triangular ring cavity as shown in Fig. 1(a) [22-24]. The BEC is
prepared with atoms with a A-type energy level structure as shown in Fig. 1(b). A driving field
of frequency wy is pumped into the cavity to excite a running light in the counterclockwise cavity
mode with a wavevector —k, and frequency w.. At the same time, another coherent laser beam
with a wavevector k,, and frequency w), is applied to intersect the cavity field; and the BEC is
trapped right at the intersecting region of the light fields. A magnetic field B is used to tune the
Zeeman splitting energy of the atoms. By tuning the frequencies of these light fields, we can
select out one pair of atomic internal states |+) that are closely resonant with each other with only
a small energy difference 4 as shown in Fig. 1(b). In order to make a specific illustration, we take
the 7Rb atoms used in real experiments [25,26] as an example. The o~ laser field with frequency
wp, couples the spin-up state |F,mp) = |2, -2) = |+) with an excited state, and the 7 cavity field
with frequency w. couples the excited state with the spin-down state |F,mp) = |1,-1) = |-).
w, and w), should be far off-resonant with the energy differences of the corresponding quantum
transitions to avoid heating up the atoms. In such a situation, the excited state can be adiabatically
eliminated [27,28]. Therefore, the states |+) can describe the spin order of the system well.
The Hamiltonian of the light-atom coupling system is (& = 1) [2,23]

R . 1 A\«
AH=wa'a+ / dx\l’;(x)(——v2 + iy —ﬁg(x)
; 2M 2

+Q (/ dx¥T (x)¥, (x)ae' kX 4 c.c.)
(H

+ %Z / ax ¥ ()P, ()P ()P (%)

oo’

+ 21 cos(wgt) (&T - &) —ika'a,
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Fig. 1. (a) The schematic diagram of a Bose-Einstein condensate interacting with a traveling
wave mode of a ring cavity and a pump field. (b) The energy level structure of the atom. 4 is
the two-photon Raman detuning including the Zeeman splitting energy difference between
the two spinor states in the rotated frame. Q is the effective Rabi frequency for the two
spinor states being coupled through the two-photon Raman processes.

where the first line is the noninteracting Hamiltonian of the CQED system. a' (a) is the
photon creation (annihilation) operator of the cavity field to create (annihilate) photons in the
counter-propagating mode of the ring cavity. M is the mass of a single atom. ‘i‘j,(x) and ¥, (x)
(with ¢, = £1 for o = ¥) are the creation and annihilation operators of the matter field for the
corresponding spin states |+). Ap is the Zeeman splitting energy between the |—) and |+) states,
in which both the linear and quadratic Zeeman splitting effects have been included [7]. The
second line describes the light-atom coupling, in which the symbol “c.c." means the complex
conjugation. € is the two-photon Rabi-frequency; and without the loss of generality, it is chosen
to be real. We define the quantity &, in this way: When the cavity field exchanges one photon with
the classical pump field through the matter field, the momentum of the matter field is changed by
+2k,; then by defining k, = % (k, + k;), we have k. = |Kk,|. In the following discussions, |K|
and |Kk.| are taken to be identical with each other despite the existence of a frequency difference
between the different light fields due to the dispersion relation of light. The intersecting angle
between k, and k. is adjustable; and for the sake of simplicity, it is chosen to be 120° so that
k. = %kp. The third line is the interparticle interaction of the matter field, which can be recast
into the expression composed of observable quantities

=% / dx (A (%) + A, (),

where 7. (x) = ‘i’i (x)¥.(x) are the local atomic density operators. The parameter g = 47;;" , with
a, being the s-wave scattering length, characterizes the strength of the atomic contact interaction.
Finally, the first term in the last line represents a driving term from the driving field pumping
photons into the cavity at a rate n7; and the second term is a phenomenological term describing
the leakage of photons out of the cavity at a rate «.

The Hamiltonian (1) is time-dependent. We can remove this time dependence in the rotating
frame by using the rotating wave approximation (RWA) to eliminate the fast rotating terms. This
is carried out by performing a time-dependent unitary transformation on the original system.
Define

U (1) = e~iwntd a+iZo 5 8p1 [dx ¥ (0¥ (x)
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with 6, = w, — wy, then A becomes

A . . d .
B =U"0OAU®® -iU" @) ZtU (1)

i - -Vv? AW
Adta +;/dx‘l’:;(x)(m + 4y 5)\1/(,()()

+Q (/ dx¥T (x)¥, (x)ae™ > + c.c.)

+ gz / ax ¥ ()P, ()W ()P (%)

oo’
+in (aT - a) —ixata

in the rotating frame. A, = w, — wy is the detuning of the cavity field from the driving field.
For A.<0, the cavity field is called red-detuned, and A.>0, blue-detuned. & = Ap + 6, is the
two-photon Raman detuning. In the last equality, we have taken away the terms of high frequency
according to RWA. The non-interacting Hamiltonian of the matter field in A’ is now

=V2 _ h Ao tike X
N A i+ 5  Qae™™r N
"= [ dxPix) M2 Ux),
0 Q&Tefikr-x -V2 _h
M 2
with the two-component spinors defined as

P(x) = T’(X) L ¥y = [\i'i(x),\i{(x)]. )
¥, (x)

Through introducing a local gauge transformation

R e—[k,--x 0
G(x) = 4 , 3
0 elk,-x

under which A’ changes to G (x) H’G' (x), the non-interacting Hamiltonian of the matter field
becomes

(=iV+Kk,)? | N
N o +5 Qa R
H, =/ ax¥ix| M 2 T ¥ (x). )
Qat Giv-k)™ _h
2M 2

It is this term that bears the SOC (which will be given in an express form in the latter part of
this article). The SOC generated here is semiquantized, because the cavity field that participates
in the inducing of the SOC is very geometrically confined, rendering that the quantum nature
of the cavity field is very prominent and thus shall not be neglected. Therefore, we have been
describing the cavity field in a full quantum manner, while still treating the external laser beam as
classical light in open space. This adds new features to the light-atom coupling system which is
the focus of our study, in comparison with the cases of light-atom coupling in open space [6,7].

In this stage, we end up with an expression of the Hamiltonian for the whole system as

B = By + By + Aca’a + in (aT - a) _ixa'a, 5)

where we still use the symbol A to denote the Hamiltonian of the system if there is no danger of
confusion.
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3. Optomechanical motion of the magnetic excitations

For studying the dynamics of the cavity field and the matter field we switch to the Heisenberg
picture. The equations of motion of the annihilation operators of the cavity field and the matter
field can be obtained as,

iV-k,)? N N
o | S+ gh(r) Qat) .
T At (V+K) h o, oA (@), 6
Qa ([) T_§+gn(t) (6)

i 40(0=Ad )+ Q [ dx¥L (0P (1) - ia + in.

It is seen that the strong coupling between the lights and atoms in the CQED system mixes the
dynamics of the cavity field and the matter field together; it enhances the feedback of the atomic
motion upon the cavity field and vice versa.

To simplify the discussion, we set the direction of the vector k;, + k. as the positive direction
of the ¥ axis. Next, we apply the mean-field approximation, which is capable of capturing the
characteristics of the low-energy light-atom scattering processes, to the equations of motion of
the cavity field and the matter field. By replacing the quantum operators in (6) with their classical
counterparts, we obtain

Vs + Qatys,

O [(—i3x¢kr)2 _h
IV =|—F—F=-+g-n

ot 2M 2

(7
i (t) =Aca + Q / dxlﬁL//_ — ika + in,

where i, are the wavefunctions of the two components of the matter field. n = Yy, + Yy y_
is the local atomic density. o™ = (a¢™)* = (a)* is related to the quantum average of & over the
state of the system. As shown in the second equation, the coupling of the two components of the
matter field is of zeroth order in the cavity field amplitude [14]. Such feature distinguishes this
system from other systems with the cavity field quantized as standing waves [20,29], making the
optomechanical motion of the magnetic excitations of the BEC highly integrable and traceable.

The excitation of the matter field is the magnetic excitation generated in the spin-flipping
processes. When the cavity field exchanges photons with the laser field through the atoms, the
spins of the atoms are flipped due to the transportation of spin from the light fields to the atoms.
At the same time, there is also a momentum transfer to the atoms. Therefore, the wavefunction of
the excitation of the system can be characterized by a plane wave with spin.

For a BEC in the spin-up plane wave state ¢* (x) = %ei’“ ® |+) with momentum k (where L is
the volume of the system), the cavity field, together with the pump field, couples it to the state
Pk (x) = %e[(k*zk’)x ® |-). At this time, we need to bear in mind that we shall be working in

the rotated frame, in which @ (x) and ¢**%*(x) become

k() — ik — L
¢s () = GgL(x) = VL | itk

®)

X pilkrk )
Pk (1) = Gk () = L ,
A2

under the local gauge transformation (3). Here, we have introduced the column vectors [0, 1]7
and [1,0]” to represent the spin-up state and spin-down state, respectively.



Research Article Vol. 31, No. 5/27 Feb 2023/ Optics Express 8245 |

Optics EXPRESS i N

Now we use the family {¢* (x), ¢* (x)} to expand wavefunction of the matter field

Yo=Y {E @t +d )¢}, ©)
k

where k is the quasi-momentum of each plane wave component. ¥ (x, 1) = [y_(x, ), o (x, 1)]" is
the wavefunction of matter field. The probability amplitudes c]; are normalized in the way such
that 3, {|c*|? + |ck|?} = N, where N is the atom number.

Consider a BEC that is prepared in the spin-up state ¢ (x), and initially stationary. We assume
that the BEC is dilute, thus the interatomic interaction is weak and can be neglected, so is its
modification upon the c. m. motion of the atoms. In this condition, the relations |c_| < |c,| and
|c—| > |¢4+] hold.

Define

1
VN

By having ¢ (x,0) = VN¢!(x) = [0, VNL-1e®**]T in Eqgs. (7) taking the derivative of both
sides of the first equation, we arrive at

X= N_%‘/dxzpf: Xy (x) = che-. (10)

X - 29X + X (1) = —wQaVN, (11a)
i = Ace + VNQX (1) — iker + inp, (11b)

where w; = 4w, + h, and w, = % is the one-photon recoil frequency. Here we can see that the
dynamics of the magnetic excitation of the matter field can be mapped to that of an oscillator, for
which X is the displacement. 2 = % is defined to be the viscosity constant, since it appears
as a factor in the term that is of the first order in the oscillator velocity (see Eq. (11a)), signifying
dissipation or friction. These equations describe a mechanical oscillator that is being coupled to
the cavity field via radiation pressure.

In experiments, the cavity damping goes at the rate «, and the eigenfrequency of X is of the
order wg ~ w, (see Eq. (11a)). Therefore, in the limit x > w;, the evolution of the cavity field
would follow that of the matter field adiabatically [14,21]. By setting & = O for the left-hand side

of Eq. (11b), we get the steady-state solution for the cavity field

in + QVNX
_ _u_ (12)
(A; — ik)
Using (12) in Eq. (11b), we have
X - 2DX + w?X = F, (13)

where F = % is the radiation force of zero frequency. This equation expressly describes

the motion of an oscillator moving in a viscous medium. Solving this second-order ordinary
partial differential equation (ODE), we obtain

X(t) = .F — (F cos (wpt) — Cp sin (wpt)) €7, (14)

2
where .# = F/w?, in which the squared frequency w? is defined as w? = w? — 52
C

constant depending on the boundary condition. wp = %2 + w? is the eigenfrequency of the
quantum oscillator formed by the magnetic plane wave excitations.

The optomechanical motion of the magnetic excitations described by Eq. (14) shall be very
traceable in experiments due to the high integrability of our light-atom coupling system. This is

. %pisa
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because the photons in the cavity field participate in the atomic Bragg diffraction in a first-order
process so that the equation of motion for the cavity field Eq. (11b) is an ODE of the first order in
a. This enables us to map expressly the dynamics of the magnetic excitations to that of a simple
mechanical oscillator (see Eq. (13)). In order to give a concrete demonstration, we use the $7Rb
atom and a wavelength of 852nm for the pump field [30,31] for the discussions in the rest part
this article.

According to the definition (see Eq. (10)), the displacement X is complex. In Fig. 2(a), we
presented the evolution of X in the time domain. It is seen that there is attenuation in amplitudes
for both ReX and ImX. Some insights can be obtained by inspecting the definitions of the
characteristic frequencies of the system, i.e. wp and &, in the paragraph under Eq. (14). It
indicates that both wp and & are complex, and this can induce a damping effect in the oscillating
motion of the matter field excitations. The amplitude of the cavity field is linearly dependent on
X as shown in Eq. (12) and also indicated in the data in Fig. 2(b). This exerts a strong influence
on the atomic motion. Such fluctuation of the cavity field amplitude eventually results in the
attenuation of the optomechanical oscillation of the magnetic excitations of the matter field. It
seems that the oscillator is moving in a viscous optical medium inside the cavity with its energy
being dissipated away.

Displacement &

0 0.5 1.0 1.5 2.0
t(ms)
(b) '
0.62
T 0.57
0.52]
0 0.5 1.0 1.5 2.0
t(ms)

Fig. 2. (a) The evolution of the complex displacement X of the quantum oscillator consisted
of the magnetic excitations of the matter field. (b) The fluctuation of the cavity field
la| in response to the oscillation of X. The parameters are chosen such that N = 10°,
Ac = 63x 103w, 17 = k =3.7x 103wy, Q = h = 0.2w,, and w, = 27 X 0.79kHz. The solid
lines are the results from the analytical solutions for the cavity field and matter field (see
Egs. (12) and (14)). The diamonds are the data from the numerical simulation with a BEC
starting from a state with all the atoms condensed in the spin-up state.

In Fig. 2, there is also the result from the numerical simulation. In the simulation, a weak
harmonic trap was included to provide a smooth boundary for the matter wave field. It turned
out that, in a relevantly wide range of the atomic interaction strength, the results obtained by
numerically integrating Eqgs. (7) are in excellent agreement with Eqs. (12) and (14). This is
reasonable, because if we look at the first equation of Egs. (7), we can find that the atomic
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interaction contributes only a constant term to the equations of motion of the matter field.
Therefore, it is equivalent to a shift of the zero-point energy of the system. For this reason, we
neglect the atomic interaction in the rest part of this article. Now we can conclude that the
attenuation of the oscillations of the physical quantities is an intrinsic character of this CQED
system. The cavity field is a viscous (instead of energy-conserving) medium for the atoms to
move in. These are the very typical characteristics of the dynamics of the atoms and light in the
CQED system. The dynamics predicted here is very heuristic for preparing experimental systems
to further investigate the statistical properties of the matter field, which is the subject of the next
section.

4. Quantum phases of the CQED system

We have seen in the last section that the magnetic excitations of the matter field in the cavity field
might behave like an oscillator moving in the viscous medium in certain conditions. We can
hope that this attribute of the cavity system would also intricately change the spectrum of the
elementary excitations of the system and induce exotic magnetic orders for the matter field.

Now we try to get an effective Hamiltonian for the matter field by integrating out the degree
of freedom of the photons. For the cavity damping being much faster than the atomic motion,
we can apply the steady-sate condition for the Heisenberg equation of the cavity field, i.e. the
second equation of Egs. (6), to get

Q/dx‘ﬂ‘i’_ +in
(ik=Ay)

a=

(15)
which is actually the operator counterpart of (12). When inserting the explicit form (15) into (4),
we obtain
Hy = / dx¥T (x) Hso¥ (x) + V. (16)
This is the effective Hamiltonian for matter field, in which Hgo is defined as

N 1 h
Hgo = — (=idy + ky0.)* + Toy + =0, 17
2m 2

where o7 ; are the two-dimensional Pauli matrices

0 1 0 —i
Oy = s Oy =
1 0 i 0
r= I(if_lzc)l is chosen to be real with an unimportant global phase having been neglected.

As the index "SO" speaks for itself, Ay at this moment is in a fashion with explicit SOC. The
SOC is induced by the running cavity field exchanging photons with the laser field through
their interacting with the BEC, which process flips the spins of the atoms and changes the c. m.
momentum of the condensate. V is the light-induced long-range exchange interaction

V=g / dxdx’ ¥ () ¥ ()P ()P, (), (18)
_ 2NQ2A,

which comes from the off-diagonal light-atom coupling. go = A

The length of the interatomic interaction is the size of the BEC. This is because the atoms in the
BEC interact with the same set of light fields; thus all the atoms are correlated with one another
regardless of where they are within the condensate [32-34]. Like how the Coulomb interaction

is the interaction strength.
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transpires between the electrically charged particles in the presence of the local electromagnetic
gauge field, the atoms in the CQED system exchange photons with each other and thus induce
the long-range interaction. When the cavity field is red (blue)-detuned, the interaction energy is
negative (positive). In this stage, even though the s-wave scattering interaction is absent, we still
get an effective Hamiltonian (16) for the matter field with inter-particle interaction.

Hyo is the single-particle Hamiltonian of the matter field. In the picture of plane waves

1 . 1 y-(k) | .
Y == ) vk =— e
VL ; VL ; Wi (k)
we have ) i
Hso = o (k+ keo)? + Doy + e (19)

By diagonalizing it, we get the single-particle energy

wo(k) = & + \/((5;,60, + 2\/ekwr)2 +12,

where €, = é‘—m is the free-atom kinetic energy. o, = wi is the dimensionless energy difference
v

between |—) and |+). In the following, we are going to set &, as zero; this makes the system
symmetric under the space- and spin-inversion transformations and thus avails much for the
interesting magnetic orders to occur. There is a critical value I'.(= 2.0w,) for T that, when
I'<Il,,, the lower branch of wy(k) has two minima; when I'>T,,, the lower branch has only one
minimum (see Fig. 3). The wavefunction of the corresponding eigenstate is

_ ikr r
IACE i B

e (x) VL wo - 2k 6 €

Since the interaction V is present, the system under study is very much a nonlinear system that
usually doesn’t have solutions in simple and compact forms. However, we can use ¢ as a trial
wavefunction, upon which we take the quantum average for Ay to get an approximation for the
spectrum of the excitations of the system

(u)o(k) — €k, + 6;,) r 2

(wo(k) — €, + 6p)* + 172

w(k)= wo(k) + g (20)

The second term on the right-hand side is the modification of the bare atomic energy from the
light-induced atomic interaction, which is noted as V(k) in the following discussions.

Equation (20) is the dispersion relation of the whole CQED system. Let’s dwell on it for a
moment to see what we have attained, having started from the very beginning. The original
CQED system is an open system with dissipation. There are photon gaining and loss in the
original system described by the Hamiltonian (1). However, these two mechanisms balance out
each other to help the system reach a steady stage through the multiple light fields interacting
with the matter field. This steady stage is a very good platform for people to investigate the
quantum statistics of the matter field in the CQED system. The energy spectrum of the system
consists of two bands. At low temperatures, the lower band of the system dominates in the matter
wave excitations, thus in the following we focus only on the lower branch of the spectrum of
the system. In Fig. 3, we presented what w(k) looks like under different parameter conditions.
Here we need to bear in mind that each k point of the dispersion lines (the black solid lines) in
this figure represents an eigenstate of the CQED system, thus there is no coupling between the
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Fig. 3. The spectrum of the magnetic matter wave excitations for (a) I' = 0.5wy, gg = —3.5wy,
® T =0.5w gy = 3.5w, (¢) T = 2.5w;, go = 45wy, and (d) I = 2.5w,, go = 4.5wy.
The black solid lines are the bare atomic energy wg(k); the red (blue) dashed lines are the
modification V(k) upon wq(k) from the atomic interaction induced by the red- (blue-) detuned
cavity field; the red (blue) solid lines are the combined spectrum w(k) correspondingly. The
red dotted line in (a) is a special case for w(k) to have three minima when gg = g¢r ~ —2.45w;;
in this case, the ground state has a multi-fold degeneracy.

different k modes; each k is a quasi-momentum of the atoms in the rotated frame which should
not be confused with the momentum of atoms in the laboratory frame. It can be seen that when
I' # 0, w(k) is gapped. There exists a threshold g., of the strength of the atomic interaction
such that when go>g,,, the lower branch of w(k) (which will be called directly as w(k) if there
is no confusion) has two minima, and go<g., one, regardless of whether I'>I';, or I'<I’,,. For
example, in Fig. 3(a), for a red-detuned cavity field, even though I'<I’,, so that the bare spectrum
wop(k) has two minima for the atoms to rest on, w(k) has only one minimum; this is because the
atomic interaction V(k) adds a steep dip to wp(k) around k = 0, rendering a single minimum
for the whole spectrum; in this condition, the ground state of the matter field is nondegenerate.
For the cavity field being blue-detuned and I'>I";, as shown in Fig. 3(d), though wy(k) has only
one minimum, the combined spectrum ends up with having double minima because the atomic
interaction creates a strong peak centered at k = 0; in this condition, the ground state of the
matter field still has two-fold degeneracy.

The striking point is that when go approaches g, w(k) would develop multiple minima (more
than two), because the atomic interaction induces a high nonlinearity for the system, especially
for the spectrum (see Eq. (20)). As shown in Fig. 3(a) (the red dotted line), when g = g.,, V(k) is
just enough to produce an extra minimum in wg(k), making the ground state of the matter field
multi-fold degenerated.

All the characters of the interplay between the SOC and the light-induced atomic interaction
can be understood in this way. The gap of the bare spectrum wy(k) is the narrowest at k = 0;
therefore, the spin-up and -down components mix with each other the most at this point due to
the presence of the atomic interaction, resulting in the strongest modification for the SOC and the
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atomic energy. Hence, the light-induced long-range atomic interaction can affect the spectrum
and the magnetic orders of the matter field in a drastic way.

The analysis of the spectrum of the elementary excitations of the CQED system can help
us understand the potential magnetic orders of the system at low temperatures. In Fig. 4 we
present a typical result from the numerical simulation for exploring the properties of the ground
state of the matter field in different parameter regimes. In the numerical simulation, we use the
imaginary-time evolution method to solve Egs. (7) with the steady state condition for the cavity
field @ = 0 in the imaginary time; by doing so, we are actually solving the Hamiltonian (16)
representing a closed system without dissipation. We start the evolution with an arbitrary initial
seed function. Gradually, the seed function evolves into a state ¢, with minimal energy within
good accuracy for a sufficient period of time. From Fig. 4(a) through (c), the strength of the
atomic interaction go goes from go>g., to go<g¢r. The left panels are ¢, in real space, and the
right panels are ¥, in the momentum space which are obtained by Fourier transformation. We
can expect that the number of peaks of ¥, (k) in the momentum space should conform with the
degeneracy of the true ground state of the system under the corresponding condition. Each peak
refers to an eigenmode of the ground state. We can also see that the peaks in the momentum
space are slightly broadened. The major reason for this broadening is the finite-size effect due to
the presence of the trapping potential. However, this does not nullify the validity of using the
plane waves to expand the wavefunction of the matter field, because all the interesting quantum
processes of this study take place on a length scale of the wavelength of the light fields in
the CQED system. Thus the trapping potential can be regarded as constant in this tiny length
scale. Therefore, plane wave expansion is still a good approximation for the system, and the
quasi-momentum k is still quite a good quantum number. In the numerical simulations, we found
that domains were always formed in ¢,(x) when go>g., as shown in Fig. 4(al). The formation of
domains is strongly dependent on the initial configuration of the seed function. The atoms cluster
together to form magnetic domains. This is very similar to what happens in ferromagnetism,
where one always finds a ferromagnetic state made up of locally magnetized domains. Such a
phenomenon implies that i, obtained is only a long-lived meta-stable state. It indicates that the
true ground state of the system is degenerate like the situation of ferromagnetism with multiple
magnetic domains. Actually, in each domain, the atoms lie in one of the true degenerate ground
states of the CQED system. In this case, there is a spontaneous symmetry breaking (SSB) in
the system. In Fig. 4(a2), there are two peaks, indicating that the true ground state is two-fold
degenerate. The two degenerate states are equally favorable for the atoms to indwell; therefore,
there are only two types of domains formed in the meta-stable state in Fig. 4(al). In Fig. 4(b2)
g0 ~ &cr, there are three major peaks, indicating that the true ground state is at least three-fold
degenerate. In this case, the atoms have more low-energy states to rest on. Therefore, the
long-lived meta-stable state obtained from the numerical simulation became very magnetically
fragile and fractal — many tiny magnetic domains were formed spontaneously (see Fig. 4(b1)).
In the case of Fig. 4(c2) go<g.r, there is only one peak, thus the ground state is nondegenerate.
/g(x) obtained from the numerical simulation is the true ground of the system. The system is
nonmagnetic (see Fig. 4(c1)) and no SSB takes place. The result here is consistent with the
qualitative picture provided by the previous spectrum analysis.

Figure 5(a) is the phase diagram of the CQED system obtained by integrating Egs. (7) in
the imaginary time to gain information of the properties of the ground state of the matter field.
Starting from an arbitrary seed wavefunction under the parameter condition at a given point in
the phase plane, each run of the evolution of Egs. (7) in the imaginary time yields eventually
a configuration of the quantum state i, that reveals the features of the true ground state of the
CQED system with good precision. Each momentum peak of the state ¥, in the momentum
space tells that there is a macroscopic occupation of atoms in that momentum mode, indicating
that the energy of that momentum mode is a minimum in the energy spectrum. By inspecting the
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Fig. 4. The configurations for i, of the matter field for I = 1.0w,, when the strength of the
atomic interaction g goes from (al-2) the parameter region go>g¢r (g0 = 1.0w;) to (c1-2)
the go<gcr (80 = —2.0w;) region, passing through (b1-2) the critical region with gg ~ g¢r
(g0 = —1.6w;). The left panel is the profile for ¢ in the real space, and the right panel,
k-space. The red (blue) line represents the spin-down (-up) component, respectively. In
(c1-2), the two spinor components coincide.

number of peaks of this wavefunction in momentum space such as Figs. 5(b)-(d), we can tell of
the features of the magnetic orders in the matter field. In the small rectangles in Fig. 5(a) we
present the typical profiles of the state i, in coordinate space in the corresponding parameter
regions. These profiles reveal the characteristics of the dispersion relation of the system. When
there is quantum degeneracy in the dispersion, domains are easily formed, because the local
states in different domains are degenerate with one another. When there is no degeneracy in the
dispersion of the system, the ground state profile has a smooth outline. In the upper-left region of
the phase diagram, the system is in the magnetic superfluid phase (MS), where i, has two peaks
in the momentum space indicating that there are two minima in the energy spectrum and thus the
ground state is two-fold degenerate. The atoms can sit at either of these two minima; thus the
ground state of the matter field breaks the Z, symmetry, and the matter field would manifest the
feature of the ferromagnetic materials as revealed in the previous discussions. In the bottom-right
region, the matter field is in the nonmagnetic superfluid phase (NMS), in which case the spectrum
has only one minimum; thus all the atoms occupy the same state of zero quasi-momentum. The
atomic spins are fully mixed and cancel with each other so that the system becomes nonmagnetic
and preserves the Z, symmetry. The dashed line was obtained by requiring that the dispersion
relation (20) has multiple minima. It serves as a boundary between the MS and NMS phases.
In Table 1, we list the data which gives the relationship between the long-range interaction gg
and the spin-orbit coupling I" when the dispersion (20) develops multiple minima. However, the
numerical simulation of imaginary time evolution gives a broadened transitional region, over
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the whole area of which the ground state of the matter field exhibits a character of multi-fold
degeneracy (MD). This broadening from the dashed line to the shaded area is partially due to
the numerical uncertainty which is unavoidable in the imaginary time evolution for gaining the
ground state information of the CQED system when there is quantum degeneracy, and the high
nonlinearity of the CQED system should also have contributed to this. Either way, such a kind of
broadening is profitable for us to observe the MD phase in experiments. At zero temperature, we
expect that the MD phase appears only on the single boundary line in the parameter space (see
the dashed line in Fig. 5(a)). However, practical experiments are always with a finite temperature.
If the parameters are slightly off the boundary line, the CQED system would still have a weak
degeneracy. The finite temperature would be well able to excite the atoms to the mode(s) with
slightly higher minimum energy. Thus the three modes with minimum energy would all be
macroscopically occupied. Then we are able to observe the MD phase over a finite region of
the parameter space in experiments. In this MD phase, the matter field becomes magnetically
unstable and fragile as was shown in Fig. 4(b) and in the relevant discussions. From Table 1
we see that go<0 when the cavity field is red-detuned (A.<0), and go>0 when the cavity field
is blue-detuned (A.>0). Therefore, the quantum phase transition for the MD phase to occur is
independent of whether the cavity field is red-detuned or blue-detuned. This adds abundant
freedom for devising the cold atom experiments to observe this new quantum phase. Moreover,
we found that the dashed line lies outside the gray area in part; this is because the dispersion
relation Eq. (20) is an approximated spectrum of the excitations of the system, but the result
from the numerical simulation is consistent with the dispersion relationship qualitatively and
quantitatively in most part of the parameter space, showing that the results from the dispersion
relation and the numerical experiment confirm with each other very well.

o8| (b)

s s
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02 J}kJLA
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Ikl
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Fig. 5. (a) The phase diagram of the CQED system. The phase plane is divided into three
parts, each of which is characterized by the corresponding magnetic order: the magnetic
superfluid phase (noted as MS) in the upper-left plane, the transitional phase (noted as MD)
with the multi-fold quantum degeneracy in the shaded area, and the nonmagnetic superfluid
phase (noted as NMS) in the bottom-right region. The typical dispersion for each phase has
been given for an illustration. The dashed line twining around the MD phase is the critical
line on which the energy dispersion (20) has multiple minima (see Table 1 for detailed data).
Each of the two rectangles demonstrates the typical profile of i, obtained in the numerical
experiments for learning the true ground state of the matter field in the coordinate space in
the parameter region where it sits. (b), (c) and (d) are the profiles of i, in the momentum
space for the points B, C, and D as illustrated in (a). (The blue lines represent the data for
the spin-up component, and the red ones are for the spin-down component.)
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Table 1. The relationship between the
long-range interaction gg and the
spin-orbit coupling I when the MD
quantum phase emerges.?

Ac<0 A: 20
wr) | go<0(wy) | T(wy) | o 2 0(w))

0.2 -3.27 2.0 0

0.4 -2.65 22 0.45
0.6 -2.17 2.4 0.97
0.8 -1.70 2.6 1.56
1.0 -1.39 2.8 2.24
1.2 -1.10 3.0 3.00
1.4 -0.85 32 3.84
1.6 -0.64 34 4.74
1.8 -0.36 3.6 5.76

¢ At this quantum phase transition, the dispersion
of the CQED system develops multiple minima.
The data is in the unit of the one-photon recoil
frequency w-.

5. Discussion and conclusion

We would like to point out that the damping optomechanical motion of the elementary excitations
of the CQED system is intrinsic. The physical observables, such as the number of the photons
inside the cavity and the atomic occupations on the spin-up and -down states, gradually reach the
steady stage after a few periods of oscillations (as shown in Fig. 2). This is very profitable for
preparing a BEC in the thermal equilibrium in a real experiment by using the radio frequency
technique [35], lattice shaking [36], etc. In a trap, there are discrete vibrational excited states,
thus it is very necessary that the atoms be firstly cooled down to condense in the ground state of
the trap to form a BEC by using cooling techniques in order to avoid the excited states being
involved. Then one can turn on the lights in the CQED system so that the atoms interact with
the light fields. This induces the cavity-mediated SOC and the long-range atomic interaction.
Finally, by using the above artificial thermalization methods and cooling the atoms down again at
the same time, we could arrive at the true ground state for the whole CQED system, and observe
the quantum phase transitions in the corresponding parameter region.

The setup under our consideration is a very typical configuration of a large group of CQED
systems with SOC [2,19,21]. In these systems, quantum phase transitions may take place at the
double-minima to single-minimum transition of the dispersion relation under the corresponding
parameter conditions. Works mentioned in Refs. [2,19] fall into this category. However, our
work shows that, right at the transition point (or region), there is a new quantum phase (see the
MD phase in Fig. 5) with a higher quantum degeneracy (see the red dotted line in Fig. 3(a)) and
multi-fold (usually more than two folds) momentum peaks (see Fig. 4(b)) [37]. This fills the
lack of relevant investigations of quantum phase transitions in the transitional area. It would add
fine structures to the complete quantum phase diagrams for the CQED systems with SOC, and it
would help us to dig into the salient features of the transiting behaviors of the quantum orders in
these CQED systems.

Experiments can be devised to test our results. Due to the presence of the SOC, the c. m.
motion of the atoms becomes relevant with the atomic spins; hence, the atoms in the spin-up and
-down states with a quasi-momentum k would be found macroscopically occupying the plane wave
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states with the momentum & ¥ &, in the lab frame, respectively. Therefore, the MD quantum phase
predicted in this work and the other quantum phases with the corresponding quantum degeneracy
can be readily observed with the cold-atom-experiment methods, such as time-of-flight image [31]
and in situ measurement [38]. The MD phase has three-fold degeneracy, thus there are usually
three different momentum modes macroscopically occupied by atoms. In the time-of-flight
experiment, these three different momentum modes will separate themselves from one other and
be observed so that one can tell that the ground state is in the MD phase. Similarly, the MS phase
is two-fold degenerate, and the NMS phase, non-degenerate. Using the time-of-flight experiment,
we can determine the number of momentum modes being macroscopically occupied, and tell
which quantum phase the corresponding ground state is actually in.

In conclusion, we have studied the optomechanics and the novel quantum phases of a BEC in the
CQED system, which utilizes the traveling light inside a ring cavity to induce the semiquantized
SOC and a highly tunable long-range atomic interaction in the matter field. We found that
the motion of the magnetic excitations in the matter field can be mapped perfectly onto that
of an optomechanical oscillator moving in the viscous optical medium. This optomechanical
motion possesses high and exact traceability which is exempt from the influence of atomic
interactions. It may find its usage in the high precision measurements [39,40] such as atomic
clocks [41,42], and extensions to other hybrid systems [43]. In this system, the interrelatedness
between the cavity field and the matter field is strong and nonlinear that the spectrum of the
elementary excitations can be shaped into forms with diverse quantum degeneracies, especially
in the transitional parameter region. This results in a new quantum phase—the MD phase which
deserves our attention but has never been brought into light before. The notions and results of
this work are readily realizable in experiments. They could enable new investigations in quantum
optics, many-body physics, and quantum magnetism.
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