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Abstract
The time-of-flight (TOF) momentum distribution of the micromotion of a P-band superfluid is
investigated in a frequency-modulated optical lattice. Besides the P-band atoms converted from
the S-band atoms, we find a small fraction of atoms are transferred to the D-band which can be
revealed by the band mapping images. A π/2 phase lag can also be observed between the two
satellite peaks of the D-band atoms and the two main peaks of the P-band superfluid in the
oscillating TOF momentum distribution. Meanwhile, by deriving a fitting function for the TOF
momentum distribution of the P-band superfluid, we find a large portion of atoms are actually
thermalized due to lattice shaking. Based on this result, we introduced a generalized fitting
function for the TOF momentum distribution at different time in a shaking cycle. Such a fitting
function can roughly fit the experimentally observed oscillating momentum distribution and
explain the micromotion of such a P-band superfluid. Thus, our results may deepen the
understanding of the micromotion of the P-band superfluid in a frequency-modulated optical
lattice.
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1. Introduction

Manipulating exotic quantum phases of ultracold atoms in a
periodically driven optical lattice has been widely used in vari-
ous experiments [1]. For example, in a periodically driven
tilted lattice, the magnitude of the tunneling energy between
nearest-neighbor sites can be modulated [2–6]. Such a kind of
modulated tunneling can be applied to simulate a frustrated
classical XY model in a triangular lattice [7], achieve a Z2

lattice gauge model [8], induce a Mott-superfluid transition
[9] and generate a dynamical soliton in a weakly attractive

∗
Authors to whom any correspondence should be addressed.

Bose–Einstein condensate (BEC) [10]. Meanwhile, by mod-
ulating the phase of the tunneling energy through lattice shak-
ing or laser-assisted tunneling, a gauge magnetic field can be
realized if the accumulated phase around a closed loop is non-
trivial [11–16]. Under such an effective magnetic field, the
atoms in the lattice behave just like the electrons in the scen-
ario of a quantum Hall effect due to a broken time-reversal
symmetry. Moreover, there are also many theoretical [17–20]
and experimental [21, 22] works showing that a topologically
non-trivial quasienergy band can be achieved in a periodic-
ally driven lattice. When the shaking frequency is resonant to
the band gap of a lattice, exotic quantum phases may emerge
in a multi-band lattice model due to the coupling of different
energy bands [23–28].
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In the above results, most attention has been paid to the
time-averaged effective Hamiltonian of a periodically driven
system. Under this case, only the slow motion of the atoms is
important and the high-frequency micromotion of atoms due
to lattice shaking is usually neglected. However, when consid-
ering some faster processes compared with the shaking fre-
quency, the effects of the micromotion of atoms in the lat-
tice sites become non-negligible. For instance, when probing
the quench dynamics of a shaking lattice, the experimental
results may have clear imprint of the micromotion of atoms.
Such kind of micromotion of atoms has been observed in a
one-dimensional BEC [29] and in a double-well system of
fermions [30] through the oscillating population of atoms. In
a two-band Bose–Hubbard model with the lowest two energy
bands of a lattice coupled by lattice shaking [28], themicromo-
tion of atoms can also be captured by the periodic imbalanced
population at the edge of the first Brillouin zone. However,
these experiments only provide the experimental observation
of micromotion while the theoretical explanation to these phe-
nomenon seems to be insufficient. One reason is the complic-
ated form of the micromotion terms in a Floquet Hamiltonian
[3]. Another is the effects of various misty experimental situ-
ations such as the inhomogeneous population of atoms in the
lattice sites and the thermalization effects due to lattice shak-
ing. It is usually hard to distinguish the micromotion of the
coherent atoms and the thermalized atoms. Thus, there still
lacks detailed investigation of the micromotion of atoms.

Here, we investigate the micromotion of a P-band super-
fluid by adding a frequency modulation to an optical lattice as
indicated in [28]. We show that the periodically momentum
distribution of atoms can be quantitatively explained by fitting
the time-of-flight (TOF) momentum distribution of atoms des-
pite the influence of various vague experimental conditions.
By fitting the TOF momentum distribution at different time in
a shaking cycle, the micromotions of the P-band atoms and the
thermalized atoms can be largely distinguished. Therefore, our
results may give a more detailed description of the micromo-
tion of atoms.

2. Experimental setup and model description

A shaking lattice is generated by adding a frequency modula-
tion to a retro-reflected optical lattice. As shown in figure 1(a),
modulation of the frequency of the lattice light can be real-
ized by modulating the radio-frequency (RF) signal applied to
an acoustic-optic modulator (AOM). In a double-pass scheme,
the frequency of the lattice light can be formulated as fL(t) =
fc+ 2fRF(t) with

fRF(t) = f0 +
Af
2
sin(2π ft+ϕ0). (1)

Here, fc = c/λ (with λ= 1064 nm and c the speed of light)
and f0 = 110 MHz is the central frequency of the AOM. Since
fc ≫ f0, we can reformulate fL(t) as fL(t)≈ fc+Af sin(2π ft).
In a retro-reflected optical lattice, the position of the lat-
tice sites will have a periodic shift s(t) = Afl0

fc
sin(2π ft+ϕ0) =

Asin(2π ft+ϕ0). Here l0 is the length between the atoms and
the mirror and A is the amplitude of s(t). In our experiment,
l0 = 30 cm and A/Af = 1.06 nm MHz−1.

Here, we assume the lattice depths satisfy Vx,Vz ≫ Vy and
the shaking signal is only applied to the y-lattice (figure 1(a)).
Meanwhile, when the shaking amplitude is small and the time
of the shaking signal is short, the coupling to the D-band and
higher bands can be neglected. Under this situation, the theor-
etical model describing the S-band and P-band coupled Bose–
Hubbard model in a shaking lattice can be given as [28]

Ĥ=
∑
i

−Js
(
ŝ†i ŝi+1 +H.c.

)
+ Jp

(
p̂†i p̂i+1 +H.c.

)
+

Ω

2

(
p̂†i ŝi+H.c.

)
+
Us

2
n̂is (n̂is− 1)+

Up

2
n̂ip (n̂ip− 1)

+Uspn̂isn̂ip+(∆ps− hf) n̂ip. (2)

with h the Planck constant and ŝi, p̂i the S-band and P-
band annihilation operators, respectively. Here Js,Jp > 0 are
the nearest-neighbor tunneling energy of the S-band and
P-band, respectively. Us,Up and Usp are the on-site interac-
tion between different atom pairs in a single site, respect-
ively. ∆ps is the mean energy gap of the S-band and the P-
band. Ω= mω2A

´
wp(y−Ri)(y−Ri)ws(y−Ri)dy (with ω =

2π f ) is the coupling energy between the S-band and the
P-band. ws(y−Ri) and wp(y−Ri) are the S-band and the
P-band Wannier functions at site Ri along y-axis, respectively.
In a lattice of Vy = 12ER,Vx = Vz = 35ER (ER is the recoil
energy), Js = 0.0247 kHz, Jp = 0.378kHz, Us = 0.936kHz,
Up=0.590 kHz, Usp=0.800 kHz, ∆ps=11.46 kHz, Ω/f 2A=
6.09× 10−4 kHz−1 nm−1 can be calculated. Here we set the
Planck constant to unity for simplicity.
Ĥ describes the slowly changing dynamics of atoms in the

lattice. Generally, when the shaking frequency f sweeps from
f<∆ps to f>∆ps, there will be a quantum phase transition
from the S-band populated phase to a P-band populated phase.
With a lattice depth of Vy = 12ER , the S-band populated phase
is a normal MI while the P-band populated phase is usually a
superfluid phase. The P-band superfluid is also renamed as the
π-superfluid phase (π-SF) considering the atoms are mostly
located near the edge of the first Brillouin zone due to the
inversed band structure of the P-band. The zero-temperature
phase diagram of Ĥ with respect to the shaking frequency f
and the shaking amplitude A is shown in figure 1(b). It can
be seen that there is a quantum phase transition from the S-
band Mott insulator (MI) to the P-band π-superfluid phase.
The phase transition is discontinuous when A⩽ 3.8 nm and
becomes continuous when A> 3.8 nm.

3. Production of a P-band superfluid

The production of a P-band superfluid begins with a 87Rb BEC
of 1.5× 105 atoms populated at |F= 1⟩ and then an optical
lattice with Vy = 12ER,Vx = Vz = 35ER is loaded adiabatic-
ally in 80 ms. After that, we keep the lattice depth unchanged
for 20ms to stabilize the atoms in the lattice. A sweeping-
frequency shaking signal is applied to the y-lattice to induce

2
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Figure 1. The setup of a shaking lattice. (a) The frequency modulation applied to the y-lattice can generate a shaking lattice which induces a
resonant coupling between the S-band and the P-band. (b) Generally, besides the coupling between the S-band and the P-band, the shaking
signal can also generate a coupling between the P-band and the D-band. (c) The zero-temperature phase diagram of the S-band and P-band
coupled Bose–Hubbard model with respect to the shaking frequency f and the shaking amplitude A, derived from a similar DMRG result as
[28]. Here Np is the number ratio of the P-band atoms. It can be seen that there is a phase transition from a S-band populated Mott insulator
(MI) to a P-band populated superfluid (π-SF). The sweeping process along the red line is used in our experiment to induce this transition
smoothly.

the phase transition from the S-band MI to the P-band π-
superfluid at the end of lattice loading (figure 2(a)). A P-band
superfluid can be created by sweeping the shaking amplitude
A and the shaking frequency f as shown in figure 1(c). To
obtain an efficient production of a P-band superfluid, we set
the shaking amplitude with a maximal value Amax = 7.0 nm
and sweep the shaking frequency f from fs = 8 kHz to a desig-
nated final frequency f e to find the optimal parameters. After
the sweeping of the shaking signal, the lattice is switched off to
perform a 30ms TOF detection of the momentum distribution
of atoms.

As shown in figure 2(b), an initial S-band MI can be gradu-
ally driven to a P-band π-superfluid as the final shaking fre-
quency is increased from fe = 9.0 kHz to fe = 11.5 kHz.
The emergence of a condensed population of atoms at
ky/k0 =±1 (k0 = 2π/λ) signifies this phase transition. And
the two satellite peaks are also transferred from ky/k0 =±2
to ky/k0 ≈±3. This transition can be more clearly shown
when we put together the central 0.8k0-width TOF images
along kx at different f e (figure 2(b)). Meanwhile, there
seems to be a decrease of the ratio of a P-band superfluid
as fe ⩾ 11.0 kHz. Thus, we calculate the number ratios
N0,Nπ,N2π,N3π centered around the ky/k0 = 0,±1,±2,±3

peaks respectively. N0 =
´ ky/k0=0.5
ky/k0=−0.5 n(ky)dky and Nmπ =

(
´ ky/k0=m+0.5
ky/k0=m−0.5 +

´ ky/k0=−m+0.5
ky/k0=−m−0.5 )n(ky)dky (m= 1,2,3). Here

the momentum distribution of atoms n(ky) is normalized to´
n(ky)dky = 1 derived from the TOF images n(kx,ky). As

shown in figure 2(c), it can be seen that an optimal pro-
duction of a P-band superfluid can be achieved at about
fe = 10.7 kHz.

In above discussions, we neglected the coupling between
the P-band atoms and the D-band atoms. To evaluate the num-
ber ratio of the D-band atoms, we perform a band-mapping
detection of the population of atoms at different f e. To lower
the heating effects due to lattice shaking which may ruin the
band mapping images, we decrease the maximal shaking amp-
litude to Amax = 4.7 nm. Under this shaking amplitude, the
number ratio of P-band atoms is decreased slightly while the
coupling of the P-band and D-band atoms can still be revealed.
As shown in figures 3(a) and (b), with the increase of the num-
ber ratio of P-band atoms, the satellite peaks populated around
ky/k0 =±2.6 are also enhanced gradually. These two satellite
peaks reveal the number ratio of the D-band atoms as calcu-
lated in figure 3(c). Therefore, there is indeed a small fraction
of atoms transferred to D-band due to the coupling of the P-
band and D-band.

3
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Figure 2. The production of a P-band superfluid. (a) The loading of the lattice depth Vx,Vy,Vz. A sweeping-frequency shaking signal is
applied to the y-lattice at the end of lattice loading. (b) The time-of-flight momentum distribution regarding the final frequency of the
shaking signal f e. It can be seen that the phase transition point is roughly fe = 10.2 kHz. (c) The number ratios Nmπ with respect to f e.

4. Fitting of the micromotion of the P-band
superfluid

To observe the micromotion of the P-band superfluid, we shut
off the lattice at toff = 99ms. At this time, the shaking sig-
nal in figure 2(a) has a frequency of f = 10.7 kHz and an
amplitude A= 7.0 nm. Due to the release of the lattice, the
shaking signal no longer works after t> toff. We change the
starting time of the shaking signal to change the final phase
of the shaking signal. As shown in figure 4(a), there is a
high phase correlation between the shaking signal and the
TOF momentum distribution of atoms. The oscillation period
can also be derived as T= 93 µs which is the same as the
shaking signal (figure 4(b)). In addition, by calculating the

number ratios N ′
mπ =

´ (m−0.1)k0
−(m−0.1)k0

n(ky)dky, there seems to be
a π/2 phase lag between the two satellite peaks centered
at ky/k0 ≈±2.5 and the main peaks centered at ky/k0 =±1
(figure 4(c)). Thus, these two satellite peaks should not be
regarded as the high-order peaks of the TOF momentum

distribution of a P-band superfluid, but the peaks of the
D-band atoms.

The quantitative description of the TOF momentum distri-
bution of the S-band and P-band atoms released from a static
lattice can be given as [31]

nα=s,p(ky) =
m
ℏτ

|wα(ky)|2Sα(ky),

Sα=s,p(ky) =
∑
i,j

eiky(yi−yj)
⟨
α̂†
i α̂j

⟩
(3)

with Sα(ky) being the structure factor, m the mass of 87Rb,
τ = 30ms the TOF time, wα(ky) the Fourier transform of
the Wannier functions wα(y− yi) and yi the lattice sites. To
avoid the complexity of inhomogeneous particle number dis-
tribution in the lattice sites, we aprroximate ⟨ŝ†i ŝj⟩= ns[δij+
γs(1− δij)e−|yi−yj|/ξs ] and ⟨p̂†i p̂j⟩= np[δij+ γp(−1)|i−j|(1−
δij)e−|yi−yj|/ξp ]. Here δij = 1 if i= j and δij = 0 if i ̸= j. With
this assumption, nα=s,p(ky) can be analytically expressed as

4
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Figure 3. The band mapping of the phase transition from a S-band Mott insulator to a P-band superfluid. (a) The band mapping at different
final shaking frequency f e. (b) The band mapping regarding f e by putting together the central 0.8k0-width band mapping images along kx.
(c) The number ratios of the S-band, P-band and D-band atoms with respect to f e.

Figure 4. Observation of the micromotion of the P-band atoms. (a) The periodically imbalanced TOF momentum distribution caused by
lattice shaking. It can be seen that the TOF momentum distribution is highly sensitive to the phase of the shaking signal s(t). (b) The
oscillating TOF momentum distribution in two shaking cycles by putting together the central∆kx = 0.8k0 TOF images at different time.
(c) The oscillating number ratios N ′

mπ . It can be seen that there is a π/2 phase lag between N ′
±2.5π and the two main peaks N ′

±π .

ns(ky) = Cs|ws(ky)|2
[
1+ γs

(
1

eR/ξs+ikyR− 1
+

1
eR/ξs−ikyR− 1

)]
,

np(ky) = Cp|wp(ky)|2
[
1− γp

(
1

eR/ξp+ikyR+ 1
+

1
eR/ξp−ikyR+ 1

)]
.

(4)

Here R= λ/2 is the lattice constant. For the S-band atoms,
equation (4) gives a good fitting result with γs = 0.65, ξs =
0.55λ for the ’no shaking’ TOF distribution in figure 2(b)
(figure 5(a)). Here ns(ky) is normalized to

´
ns(ky)dky =

1. For the P-band atoms, considering wp(ky) = 0 at ky = 0,

5
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Figure 5. Fitting of the time-of-flight (TOF) momentum distribution. (a), (b) The fitting of the TOF momentum distributions of the S-band
atoms and the P-band atoms in a static case. The fitting results (blue line) are in good accordance with the experimental results (red line).
The black dashed line indicates the thermal background with a Gaussian momentum distribution. (c) The fitting of the TOF momentum
distribution of the micromotion of the P-band superfluid at different time in a shaking cycle.

np(ky)|ky=0 = 0 is expected. However, the experimental res-
ults always have a large non-zero distribution at ky = 0 even
when most atoms are transferred to the P-band, as shown in
figure 5(b). We attribute this mainly to a thermalized back-
ground with a wide Gaussian momentum distribution instead
of the remaining S-band atoms or the D-band atoms consider-
ing the TOF distributions of the S-band atoms and the D-band
atoms are both very sharp at ky/k0 = 0. By taking the thermal-
ized atoms into account, we introduce a fitting function

ñp(ky) = C̃p

[
|wp(ky)|2

[
1− γp

(
1

eR/ξp+ikyR+ 1
+

1
eR/ξp−ikyR+ 1

)]
+nthe

−k2y/k
2
th

]
(5)

which satisfies
´
ñp(ky)dky = 1. Here nthe

−k2y/k
2
th is the Gaus-

sian momentum distribution of the thermalized atoms.
With the fitting parameters of γp = 1.6, ξp = 0.65λ,nth =
0.65,kth/k0 = 2.2, the TOF distribution at fe = 10.7 kHz in
figure 2(b) can be well fitted (figure 5(b)).

As in [28], the Hamiltonian including the micromotion
terms can be described by Ĥ(t) = Ĥ−mω2s(t)R

∑
j j(ŝ

†
j ŝj+

p̂†j p̂j). Here all the operators are defined in the moving lat-

tice frame. By introducing a rotating-wave operator R̂(t) =
exp( imω

2R
ℏ

∑
j j(ŝ

†
j ŝj+ p̂†j p̂j)

´
s(t ′)dt ′), Ĥrot = R̂†(t)Ĥ(t)R̂(t)−

iℏR̂†(t)∂tR̂(t) = R̂†(t)ĤR̂(t)≈ Ĥ can be obtained. This
yields a transformation of p̂†i (t)p̂j(t) = R̂†(t)p̂†i p̂jR̂(t) =

p̂†i p̂j exp(
imω2(i−j)R

ℏ
´
s(t ′)dt ′) = p̂†i p̂j exp(iδky(t)(yi − yj)).

Here δky(t) = mωA
ℏ cos(ωt+ϕ0) and yi = iR. Thus, the struc-

ture factor Sp(k̃y, t) in the moving lattice frame can be given as

Sp(k̃y, t) =
∑

i,j e
ĩky(yi−yj)⟨p̂†i (t)p̂j(t)⟩= Sp(k̃y+ δky(t)). Here

k̃y denotes the wavevector in the moving lattice frame. On the
other hand, the wavevector in the static space can be obtained
by ky = k̃y+ m

ℏ
ds(t)
dt = k̃y+ δky(t). Thus, the TOF momentum

distribution of the micromotion of the P-band superfluid can
be described as

np(ky, t) =
m
ℏτ

|wp(ky− δky(t))|2Sp(ky). (6)

6
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To give a quantitative explanation of the TOF momentum dis-
tribution of the experimental results as shown in figure 4, we
introduce the following fitting function

n(ky, t) = C(t)
[
np(t)+ nthe

−(ky+βthδky(t))
2/k2th + nd(t)

]
,

np(t) = |wp(ky− δky(t))|2
[
1− γp

(
1

eR/ξp+ikyR+ 1
+H.c.

)]
,

nd(t) = γd

[
e−(ky−kd)

2/σ2
d (1+ cos(2π ft+ϕ0 +π/2))

+e−(ky+kd)
2/σ2

d (1− cos(2π ft+ϕ0 +π/2))
]

(7)

with βth,γd,kd,σd the new fitting parameters. n(ky, t) is still
normalized to

´
n(ky, t)dky = 1 at different t. Generally, the

np and nth terms can account for most of the oscillating TOF
momentum distribution in figure 4. However, the satellite
peaks at ky/k0 ≈±2.5 in figure 4(c) can not be explained
by the np and nth terms due to a π/2 phase lag. Thus, we
introduce a D-band superfluid term nd(t) to phenomenally fit
these two satellite peaks. By choosing the fitting parameters as
γp = 1.6, ξp = 0.6λ,nth = 0.5,kth/k0 = 2.2,ϕ0 = 0.75π,βth =
5.0,γd = 0.15,kd = 2.6k0,σd = 0.2k0, the TOF momentum
distributions of the micromotion of the P-band superfluid at
different time can be well fitted (figure 5(c)).

From equation (7), the oscillating TOF momentum distri-
bution in figure 4 can now be largely explained. The micromo-
tion of the P-band atoms contributes mostly to the imbalanced
peaks centered at ky/k0 =±1 while the micromotion of the
thermalized atoms leads to the oscillation of a Gaussian back-
ground. The D-band atoms and the second-order TOF peaks
of the P-band atoms lead to the oscillating satellite peaks pop-
ulated between ky/k0 ≈±(2∼ 3) jointly.

5. Conclusion

In summary, we have investigated the TOF momentum distri-
bution of the micromotion of a P-band superfluid. By driving
the phase transition from a S-band MI to a P-band superfluid
with a frequency-modulated optical lattice, a P-band super-
fluid can be produced. Through the band mapping images, we
find there is a small fraction of atoms transferred to the D-band
which is responsible for a π/2 phase lag at ky/k0 ≈±2.5 com-
pared with the two main peaks at ky/k0 =±1 in the oscillating
TOF momentum distribution. Finally, by fitting the oscillating
time-of-flight momentum distribution, we are able to distin-
guish the effects caused by the micromotions of the P-band
atoms, the thermalized atoms and the D-band atoms respect-
ively. Compared with the results of observing the micromo-
tion of a P-band superfluid [28], our results may give a more
detailed explanation to the micromotion of such a P-band
superfluid.
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