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Ramping a physical parameter is one of the most common experimental protocols in studying a quantum
system, and ramping dynamics has been widely used in preparing a quantum state and probing physical
properties. Here, we present a novel method of probing quantum many-body correlation by ramping
dynamics. We ramp a Hamiltonian parameter to the same target value from different initial values
and with different velocities, and we show that the first-order correction on the finite ramping velocity
is universal and path-independent, revealing a novel quantum many-body correlation function of the
equilibrium phases at the target values. We term this method as the non-adiabatic linear response since
this is the leading order correction beyond the adiabatic limit. We demonstrate this method experimen-
tally by studying the Bose-Hubbard model with ultracold atoms in three-dimensional optical lattices.
Unlike the conventional linear response that reveals whether the quasi-particle dispersion of a quantum
phase is gapped or gapless, this probe is more sensitive to whether the quasi-particle lifetime is long
enough such that the quantum phase possesses a well-defined quasi-particle description. In the Bose-
Hubbard model, this non-adiabatic linear response is significant in the quantum critical regime where
well-defined quasi-particles are absent. And in contrast, this response is vanishingly small in both super-
fluid and Mott insulators which possess well-defined quasi-particles. Because our proposal uses the most
common experimental protocol, we envision that our method can find broad applications in probing var-
ious quantum systems.

© 2022 Science China Press. Published by Elsevier B.V. and Science China Press. All rights reserved.
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1. Introduction possessing a gap or not is an important way to characterize quan-

tum many-body correlations and distinguishes different phases.

Quantum many-body systems display rich phenomena charac-
terized by varieties of correlations, and many experimental tools
have been developed to probe these correlations. These methods
include various spectroscopies and transport measurements in
both condensed matter systems [1-3] and ultracold atomic sys-
tems [4,5]. These probes can measure quasi-particle dispersions
and reveal whether a quantum phase possesses a charge gap or
spin gap, with the help of the linear response theory. For instance,
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There is also another important aspect of quantum many-body
correlations, that is, whether the quasi-particle lifetime is long
enough such that a quantum phase possesses a well-defined
quasi-particle description or not [6]. It is a different characteriza-
tion of quantum phases, compared with gap or gapless feature in
the dispersion. Quantum phases, such as conventional metals,
band insulators, and Bose or Fermi superfluids, have well-defined
quasi-particles. Among them, some are gapless, such as metals
and Bose superfluids. And some are gapped, for instance, s-wave
fermion paired superfluids have spin gaps and band insulators
have charge gaps. Quantum phases, such as states in quantum
critical regimes [6], Luttinger liquids in one-dimension [7] and
non-Fermi liquids [8,9], do not have well-defined quasi-particle
descriptions.
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https://doi.org/10.1016/j.scib.2022.12.005
mailto:xuzongchen@pku.edu.cn
mailto:cwlaser@ultracold.cn
mailto:hzhai@mail.tsinghua.edu.cn
mailto:hujiazhong01@ultracold.cn
https://doi.org/10.1016/j.scib.2022.12.005
http://www.sciencedirect.com/science/journal/20959273
http://www.elsevier.com/locate/scib

L. Liang et al.

In both condensed matter and ultracold atomic systems, spec-
troscopy measurements can always determine the entire spectral
function [1,2,4,5,10-16]. Once the entire spectral function is known,
it becomes clear whether a system is gapped or whether the system
has a well-defined quasi-particle description. However, such mea-
surements require scanning all frequency ranges in the relevant
energy scale. For many properties, there is a more direct measure-
ment that is less involved. A typical example is the charge gap. A
dc transport experiment can immediately tell whether the system
has a charge gap without knowing the complete information of the
spectral function. This work will propose a similar shortcut to mea-
sure whether the system has well-defined quasi-particle behaviors,
probing via ramping dynamics in many-body systems.

Ramping a physical parameter is one of the most widely-used
control protocols in studying a quantum system. When the ramping
rate is slow enough, the quantum state can follow the change of
parameters adiabatically and retain the ground state of the instanta-
neous Hamiltonian at a given time. This protocol has been widely
used in preparing a quantum state with high fidelities and adiabatic
quantum computations. When the ramping rate is non-negligible,
the system is brought into a non-equilibrium situation that deviates
from the instantaneous ground state and generates excitations. In
this situation, the ramping protocol can be turned into a probing
scheme, and two of the most well-known examples are the Thouless
pumping [17-20] and the Kibble-Zurek mechanism [21-31]. For the
Thouless pumping, the accumulated charge is quantized after a
pumping cycle, and this quantized charge probes the topological
invariant of the equilibrium phase [17-20]. For the Kibble-Zurek
mechanism, topological defects are excited when a parameter is
ramped across an equilibrium phase transition point, and the depen-
dence of topological defect numbers on ramping rates reveals the
critical exponent of the equilibrium phase transition [21-31].

Here we present a novel scheme of probing quantum many-
body correlations by ramping dynamics, with both theoretical
frameworks and experimental results. Our scheme utilizes the
first-order correction on finite ramping rates beyond the adiabatic
limit, and therefore, we term it as the non-adiabatic linear response.
Remarkably, we show that the response is independent of the his-
tory of the ramping trajectories and only depends on the ending
point of the ramping. In other words, our scheme probes the uni-
versal aspects instead of the details of the ramping dynamics.
Moreover, the universal quantity deduced from this response can
be attributed to an equilibrium quantum many-body correlation
function at the ending point. Unlike the Thouless pumping and
the Kibble-Zurek mechanism, the correlation function revealed
by this method is quite general, not limited to topology or critical-
ity. We investigate this scheme numerically in three different mod-
els as examples, the transverse field Ising model, the fermion
pairing model, and the Bogoliubov model for bosons. We also
demonstrate this scheme experimentally by studying the Bose-
Hubbard model using degenerate bosonic atoms in optical lattices.
In the Bose-Hubbard model, we show theoretically and experimen-
tally that this response is significant in the quantum critical regime
without well-defined quasi-particles and is vanishingly small in
the superfluid phase (gapless) and the bosonic Mott insulator
phase (gapped), both of which possess well-defined quasi-
particle descriptions. Therefore, our results show that this response
can be sensitive to whether the quantum phases possess well-
defined quasi-particle descriptions rather than whether their
quasi-particle dispersions are gapless or gapped.

2. Theoretical framework

Let's consider a Hamiltonian H(4) that depends on a parameter
4, and a time-dependent ramping of the parameter i(t) from 4 to
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J¢. We start with the ground state at 4; and we choose /(t) that sat-
isfies (1) 4/0t|,, = 0; (2) d2/dt|, = v; and (3) the absolute value of
d//0t is always bounded by v for the entire ramping duration. As

soon as / reaches J;, we immediately measure an observable (O).
Suppose we repeat the measurements with different ramping tra-
jectories, by choosing different initial state at different 2; and dif-
ferent ramping velocities, as shown in Fig. 1a, and then we plot

(0) as a function of the velocity v, as schematically shown in
Fig. 1b. We can make a series expansion of <6> in term of v as
(See Fig. 2)

(0) = (4]O125) + v + ... (1)
Here |2) denotes the instantaneous ground state of H(.) and v can
be either positive or negative. The leading term in Eq. (1) follows
the adiabatic approximation at v — 0 and only depends on the
instantaneous ground state |/¢) at the ending point of the ramping.

Since <6> in Eq. (1) is measured under the instantaneous quan-

tum state following the ramping dynamics, <6> should depend on

the entire ramping trajectory. However, the main finding of this
work is that, under the conditions (1)-(3) mentioned above, the
coefficient o of the linear term in Eq. (1) only depends on the quan-
tum state at the ending point and is independent of the starting
point /;, and other detail of the trajectory. That is to say, the results
measured with different ramping trajectories shown in Fig. 1a
should collapse into a single straight line in the regime of small
v, and the slope of this line determines «, as schematically shown
in Fig. 1b. Moreover, we find that o measures the correlation func-
tion at the ending point given by

B iafé“(w, )

o
ow

|w:0' (2)
Here ¥®(w, J) is the Fourier transformation of the retarded Green’s
function ¥*(t, i), and ¥*(t, /) is defined as [6]
R (t.Jg) = =i0(0) (| [0(0), V(0)]120), 3)
where V = 0H /9, and ©(t) is the step function. In practice, this
allows us to experimentally access the equilibrium correlation
given by Eq. (2) by ramping to a given final parameter i; with var-
ious ramping velocities. Since this correlation is obtained by the
first order correction away from the adiabatic limit, it is now ter-
med as the non-adiabatic linear response. Note that unlike the con-
ventional linear response that is related to correlation functions,
this response is related to the frequency derivative of correlation
functions. As we will show below, this correlation function directly
probes whether the spectral function is symmetric with respect to
positive and negative frequencies and, therefore, provides direct
access to the nature of quasi-particle description.

The proof of this result follows straightforwardly from the per-
turbation expansion in term of ramping velocity, as we show in the
Supplementary materials L. In the Supplementary materials II, we
also show three examples, including the transverse field Ising
model, the fermion pairing model and the Bogoliubov model for
bosons. The numerical simulations of the ramping dynamics in
these models confirm the consistency between the slope and the
correlation function given by Eq. (2). We remark that, although
Eqgs. (2) and (3) are derived at zero-temperature, we can extend
the formula to finite temperature under the condition that the
thermalization time scale is much shorter than the ramping time
scale. At finite temperature, we use the thermal ensemble average
to replace the average over quantum state |¢) in Eq. (3).

Here we should note that our theory is a perturbative expansion
in terms of v. Therefore, there always exists a convergent regime
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Fig. 1. (Color online) Schematic of the main result. (a) Ramping a parameter / in Hamiltonian H(%) to the same final value /¢ with different initial values and different ramping

velocities v. Measurement (O) is performed right after the ramping dynamics ends at /. (b) The measured (O) with various ramping trajectories in terms of ramping velocity
v. In the region of small v indicated by the shaded area, all data points collapse into a linear curve and the slope « of the curve only depends on the final value /, independent
of initial values and other details of the trajectories. This slope probes the equilibrium correlation at /¢ given by Eq. (2).
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Fig. 2. (Color online) Experimental time sequence and typical results. (a) The time
sequence of our experiments. We adiabatically load degenerate 8’Rb into optical
lattices with different initial lattice depths V;, such as V;; = 11E, (blue) and
Viz = 20E, (red) in the illustration. The atoms are hold at the initial lattice depth for
20 ms, and then, we start to ramp the lattices after the time indicated by the dashed
lines. After a smoothing procedure at the initial ramping process, we linearly ramp
the lattice to the final depth V;. (b) Typical raw data of the band mapping
measurement, resulting in a two-dimensional quasi-momentum distribution
n(ky, ky).(c) One-dimensional quasi-momentum distribution 71(k,) after integration
over ky.

where our theory is valid, as long as the linear order coefficient
does not vanish and the higher order coefficients do not diverge,
and this condition can be satisfied even for gapless systems. In
the low dimension, the low-energy density-of-state is generically
high, which leads to a high population of low-energy modes during
the ramping dynamics. This leads to the divergence of high-order
coefficients, consistent with the discussion of the breakdown of
adiabaticity in low-energy gapless systems in the previous litera-
ture [32,33]. We discuss the convergence conditions in more detail
in the Supplementary materials IIl. As shown in the Supplementary
materials III, if the ramping term and the observable both obey cer-
tain symmetry, the linear response will vanish due to the symme-
try constraint. Hence, our discussion below always focuses on the
cases without such symmetry. Under these conditions, we can
always further expand Eq. (1) as

(0) = (4]O2g) + v + pv? + ..., (4)

and the validity of the linear expansion at least requires v < o/p.
Note that 8 is not a universal number and is path-dependent. There-
fore, the validity range of the linear expansion is path-dependent.
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We should also note the difference between our theory and the
Kibble-Zurek mechanism. The Kibble-Zurek mechanism focuses on
topological defects related to the long-range correlation of order
parameters. Therefore, it experiences a critical slowing down at
the critical point as it takes a long time to establish a long-range
correlation [34,35]. Whereas our theory only concerns local equi-
librium, its validity is not affected by the critical slowing down.
Hence, our theory can also be applied to ramping across a critical
regime.

3. Experimental results

The experiment in the Bose-Hubbard model is carried out with
degenerate 87Rb atoms in a three-dimensional optical lattice. The
optical lattice is formed by three standing waves perpendicular
to each other at wavelength / = 1064 nm and the magnetic field
is applied along z axis. Each lattice beam has a beam waist of
150(10) um while the atoms occupy a region with a radius of
13 pum. When the lattice depth is at 5E, (E; = h x 2 kHz is the recoil
energy of the optical lattice), the inhomogeneity of lattice beams
provides an external harmonic trap with isotropic radial vibra-
tional frequencies ~ 271 x 20(1) Hz. The ramping time sequence
of the experiment is shown in Fig. 3a. We adiabatically load
1.6(1) x 10° atoms into lattices with an initial lattice depth V;
and hold the system for 20 ms for relaxations. Then we ramp the
lattice depth to V¢ with a velocity v (in unit of E,/ms). Here, the
starting part of the ramping curve is smoothened to satisfy condi-
tions (1)-(3) discussed above (see the Supplementary materials IV
for details). As soon as the lattice depth reaches V¢, we perform the
band-mapping measurement [36,37] by imaging the atoms along
z-direction, and measure a two-dimensional quasi-momentum dis-
tribution n(ky, k,) of atoms. A typical result of the band mapping is
shown in Fig. 3b. We further integrate n(k,, k,) along k,-direction,
which results in a one-dimensional quasi-momentum distribution
fi(kx) = [dkyn(ke, ky) as shown in Fig. 3c.

We ramp the lattice depth to the same target value V; = 15E,
from different initial lattice depths V; =5, 11, 17 and 20E,, and
measure fi(ky = 0) as a function of v for different V;. We can see
in Fig. 4a that there always exists a linear regime and these linear
regimes overlap with each other for trajectories with different V.
We extract the slope from the linear regime and obtain the slope
a of 0.025(2), 0.023(6), 0.024(4) and 0.025(3) for V; =5, 11, 17
and 20E, respectively as shown in Fig. 4b. We also get o of
0.025(2) and 0.024(2) for V; = 18 and 19E, from data shown in
Fig. 4c. Within the statistical errors, it is consistent with our theory
that « is independent of the initial lattice depth V;. Nevertheless,
we should note that for different V;, the window of the linear
regime is different. This is because the higher order coefficients
in the expansion Eq. (1) depend on the initial value and other
details of the trajectories. As the higher order coefficients get
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Fig. 3. (Color online) Experimental demonstration of the path independence. (a)
n(k, = 0) versus the ramping velocity v. Here we plot four sets of data. The final
lattice depth is fixed at V¢ = 15E,, and the initial lattice depths are respectively 5E,
(cyan circle), 11E, (blue triangle), 17E, (yellow diamond) and 20E, (red square). The
error bars here represent one standard errors of the mean by repeating 20 to 80
measurements for each data point. The solid lines are weighted linear fits to the
data. The lengths of the solid lines represent the fitting regime and the dashed lines
are the extensions of the linear fits. The cyan, blue, yellow, and red lines
respectively yield slopes o as 0.025(2), 0.023(6), 0.024(4), and 0.025(3). The grey
diamond labels the value of n(k, = 0) by adiabatically ramping to V¢ = 15E, whose
error bar denotes one standard deviation of 386 repeating measurements. (b) o
versus the initial lattice depth V;. The horizontal solid line marks the mean value
0.025(1) of o which is obtained by the weighted average of o from six different V;
with V; =5, 11, 17, 18, 19, and 20E,. (c, d) « versus quasi-momentum k, for the
entire first Brillouin zone with V¢ = 15E, (c¢) and V¢ = 19E, (d). In (c), blue circles
represent the situation with V; = 11E, and the red circles represent the situation
with V; = 20E,. In (d), yellow circles represent the situation with V; = 15E, and the
purple circles represent the situation with V; = 13E,. The shadow areas denote the
range of one standard deviation due to statistical errors. The solid lines are guides
for eyes.

larger, the linear window gets smaller. We also note that, in the
limit of v — 0, data taken with different V; should give the same
result that recovers the adiabatic limit. The small discrepancy in
this limit between different data sets (Fig. 4) is due to the day-
to-day drift of our experimental apparatus (see the Supplementary
materials V).

We verify the path independence of « not only for 7i(k, = 0) but
also for n(ky) in the entire first Brillouin zone. Here, we symmetrize
the measured one-dimensional quasi-momentum distributions to
extract n(ky) in terms of k, (see the Supplementary materials VI).
Fig. 4c and d show the slope « extracted from 7i(ky) as a function
of k. Each plot shows results with the same V; but two different
Vi. One can see that, for the entire first Brillouin zone, o(k,) with
the same V; and different V; coincide with each other within the
statistical errors.

Then, we vary V¢ to probe the correlations at different lattice
depths. In Fig. 4a-f, we show results for V¢ =11, 13, 15, 17, 19
and 21E,. For each given V¢, we ramp the lattice depth to this V;
with at least two different V; and consistent slopes o« are obtained
for all cases. In Fig. 4g, we plot o as a function of V¢. We find that o
is vanishingly small for Vi = 11E, and V¢ = 21E,, and « is signifi-
cant for V¢ in the range between 13E, and 19E,. Note that in our
system, the zero-temperature quantum phase transition between
the superfluid and the Mott insulator occurs at 13E, for density
n =1, 15E, for n = 2, and 17E, for n = 3 (the local density of our
system is up to n = 3). Hence, the lattice depth 13E, — 19E, corre-
sponds to the quantum critical regime in our system.

Therefore, the experimental measurements not only confirm
that the non-adiabatic linear response is independent of the details
of the ramping trajectories, but also discover that this response is
much more significant in the quantum critical regime than that
in the superfluid and the Mott insulator phases. To understand this
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result, we analyze the correlation function probed by Eq. (2) in the
Bose-Hubbard model (BHM) below.

4. Application to the Bose-Hubbard model

The Hamiltonian for the BHM is written as

. B s U. . .
Hgum = —]% (a}aj +h.c.) + Z {En,-(n,' - 1) — un;|, (3)

where ¢; is the annihilation operator at site-i, fi; = d,fd,- is the parti-
cle number operator at site-i, | is the hopping strength between
neighboring sites, and U is the on-site interaction strength. In the
experiment, both J and U change in time during ramping lattice
depth. However, since the quasi-momentum distribution is mea-
sured in experiments and the measurement operator
0 =iy = ala, commutes with the hopping term, the dominate
effect during ramping should come from the changing of parameter
U. Hence, for simplicity, we consider ramping the interaction
strength U from an initial value U; to a final value Us, such that
oH /o) = ;11;(f; — 1). Note that the interaction term can also be
written in momentum space as

>

2N
$ pkyky

atat
ap+k1 ap’kl

(6)

(p-ky Opiky

where N; is total number of sites. Thus, the non-adiabatic linear
response theory presented above probes the correlator

_-ie(
gR(t) Uf) - ZNS
> {[akOaw(t), @, (0] 4, (0)p 1, (0)pug (0)]): ()
pki k;

This correlator is different from density-density or phase correla-
tion measured in the Bose-Hubbard model before [38,39].

We implement the Wick decomposition to express the
multiple-points correlation function Eq. (7) in term of two-point
correlation functions, where the single-particle spectral function
o/(k, w) can be introduced through the two-point correlation
functions as

(@0 (0) = b / doofy(@)2(k, w)e,

(ax(0)ay,(0)) = G [ A (1 + fa(w)) x o (k, w)e™™,

(8)
9)

and fy(w) = 1/(ef®=# —1) is the Bose distribution function (see
the Supplementary materials VII and VIII). With this approximation,
the correlator Eq. (7), and consequently « given by Eq. (2), is even-
tually determined by the spectral function .«/(k, ) as

2

%0 (k, w).

o =4nﬁ/dwf3(w)t%(k7 w) (10)
In the BHM, there are two types of spectral function .«/(k, w) [6].
When the system is either deeply in the superfluid phase or deeply
in the Mott insulator phase, the system possesses well-defined

quasi-particles. In the case, <7(k, @) behaves as

T

AK 0)~ —m———
( )(w-ek)2+r§

(11)
where ¢ is the quasi-particle energy, and 1/I'x gives the quasi-
particle lifetime. When the quasi-particle lifetime is long enough,
I'x — 0 and kyT > I'k. Then, fz(w) can be taken as a constant in
the energy window ~ I'y around €. Thus, it is easy to see that
A(k, w) is an even function and 0A(k, w)/dw is an odd function
centered around €. Hence, after the integration, o approaches zero.
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Fig. 4. (Color online) The measured correlation versus the final lattice depth V;. (a-f) n(k, = 0) versus the ramping velocity v by ramping to a set of different V¢
(11, 13, 15, 17, 19, or 21E,). Each panel shows a fixed V; with two different initial V;. The circles are data with error bars (usually smaller than marker size) being one
standard error of 20 to 40 repeated measurements. The solid lines are the linear fits, and the dashed lines are the extension of linear fits outside of the measurement ranges.
The black diamonds correspond to the adiabatic measurement of n1(k, = 0) whose error bars are given by one standard deviation of 15 to 20 repeated measurements. The
shadow areas denote the 95% confidence intervals. (g) o versus the final lattice depth V¢. The shadow area shows the uncertainty range of one standard deviation.

When the system is in the critical regime, the system no longer pos-
sesses well-defined quasi-particles and .«/(k, w) behaves as

O(w — ex)

& (0—e)"’

w) ~ (12)
where # is a critical exponent [6,40]. Substituting Eq. (12) into Eq.
(10), it is straightforward to obtain

fa(€x)-

n
T2
This discussion explains the experimental findings presented in
Fig. 4, and attributes the difference in the non-adiabatic linear
response in this system to whether the quantum phases possess
well-defined quasi-particle descriptions or not.

Ideally, by comparing our measurements with Eq. (13), we can
determine the critical exponent by studying the temperature
dependence of this correlation. However, since our current exper-
iment is performed in the presence of a harmonic trap, the correla-
tion is smeared out by the density inhomogeneity in the real space.
This limitation can be lifted by using the box potential in a future
experiment.

oL X

(13)

5. Conclusions and outlook

We find a new regime for many-body dynamics, where the
deviations from steady states are independent of the trajectories
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of dynamics. In this regime, the non-adiabatic response is linear
instead of conventional power laws. This provides us with a
scheme to probe the many-body systems via universal ramping
dynamics, and measure whether the system has well-defined
quasi-particle behaviors. Besides the BHM, our scheme can be
directly applied to probe correlations in other systems with ultra-
cold atomic gases, such as unitary Fermi gas and quantum simula-
tion of various spin models. Our method can also be applied to
other systems beyond ultracold atomic gases, such as trapped ions,
NV centers, and condensed matter systems. As demonstrated in
studying the Bose-Hubbard model, our method accesses a different
aspect of quantum many-body correlation compared with many
existing measurement tools. Thus, our protocol provides a new tool
for experimentally studying correlations in quantum matters.
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