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Quench spectroscopy for Lieb-Liniger bosons in the presence of harmonic trap
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Quench spectroscopy has emerged as a powerful technique for probing the energy spectrum of various
quantum phases for quantum systems from out-of-equilibrium dynamics. While its efficacy has been demon-
strated in the homogeneous systems theoretically, most experimental setups feature a confining potential, such
as a harmonic trap, which complicates the practical implementations. In this work, we experimentally probe
the quench spectroscopy for one-dimensional bosons in optical lattices with the presence of a harmonic trap,
and compare our results with the density matrix renormalization group simulation. For the Mott insulator
phase, although a gap is still observed, the band signal is broadened along the frequency space and cut at
the half Brillouin zone, which can be explained by the nearest-neighbor tunneling excitations under harmonic
confinement. Comparing with the superfluid spectrum, we can see a clear distinction between the two phases and
find that the inverse quench with larger amplitude yields the clearest spectrum. Our work offers pivotal insights
into conducting quench spectroscopy effectively in practical systems.

DOLI: 10.1103/f4jf-6gt5

Introduction. Spectroscopy methods are widely used to
detect the excitation information of strongly correlated sys-
tems [1-6], which reveals physical properties like electronic
conductivity, magnetic ordering, superconductivity, and su-
perfluidity. The basic idea is to induce an excitation to
the system and measure the corresponding response from
which one can extract the demanded spectrum informa-
tion and dynamical properties of the system. In physical
experiments, spectroscopy methods are often realized by
different pump-probe techniques, such as angle-resolved-
photoemission spectroscopy (ARPES) [1,7] and neutron
scattering [8].

Quantum phase transition in strongly correlated systems
is a crucial topic in quantum simulation. Various detection
techniques have been developed to distinct different quantum
phases and probe their excitation properties. In cold-atom
systems, time-of-flight imaging (TOF) is the most widely
used one, which measures the momentum distributions and
provides the information about quantum coherence. Judging
from its interference pattern, one can distinguish the Mott
insulator (MI) from the superfluid (SF) phase [9-13]. Other
techniques such as the band mapping [14—17] or the quantum
gas microscope [18-24] allow for further detecting the infor-
mation about the band and the spatial distributions. On the
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spectroscopy side, Raman spectroscopy enables the probing
of low-energy excitation spectra [25,26], while Bragg spec-
troscopy detects the dynamical structure factor and reveals
systems’ response spectra to density perturbations [27,28].
In addition, there are powerful approaches such as amplitude
modulation spectroscopy, which measures excitation spectra
[12,29], and measurements of critical velocity using moving
optical lattices, which determines the onset of dissipation and
superfluid breakdown [30].

In recent years, quench spectroscopy was proposed theoret-
ically [31-33], which appears to be a powerful technique for
detecting the excitation spectrum of various quantum phases,
including the MI, SF, and even Bose glass phase in disordered
systems [34—41]. Starting with a global quench, one subse-
quently measures the postquench evolution from which one
can extract all elementary excitation information. In contrast
to standard pump-probe techniques, it employs equal-time
commutators to directly extract the dispersion relation of ele-
mentary excitations, which is experimentally more accessible.
Moreover, it permits comprehensive spectral measurement in
a single experimental run, eliminating the need for tedious
momentum-space scanning. However, current research on
quench spectroscopy remains largely theoretical and is only
for the homogeneous case. In actual cold-atom experiments,
there is usually a spatial confinement, mostly a harmonic trap-
ping potential. The influence of such a confinement potential
and the validation of quench spectroscopy methodology in
such a situation remains unknown.

In this work, we carry out the quench spectroscopy experi-
mentally for one-dimensional ultracold bosons in the presence
of optical lattices and harmonic trap confinement. From the
measured momentum distribution evolution after quench, we
apply Fourier transform and obtain the quench spectral func-
tion (QSF) S(k, w), which contains detailed information of
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the energy spectrum. For the MI case, we quench to the
same final MI phase from different initial lattice depths and
find a modified signal of the Mott gap. More precisely, we
detect a broadening of the bands’ signal and a momentum
cutoff at half of the first Brillouin zone, which can be ex-
plained by the additional excitations caused by the harmonic
confinement. Nevertheless, we can still distinguish the QSF
from the one of SF phase where no gap is detected. All these
observed properties are in good agreement with the density
matrix renormalization group (DMRG) simulations qualita-
tively. Furthermore, with statistical analysis, we estimate the
gap visibility for our measurements and find the parameters
with best visibility. Our work reveals the physical mechanism
behind the modified QSF of confined 1D ultracold boson sys-
tems in an optical lattice and explores the optimal conditions
for applying quench spectroscopy.

Model and approach. The dynamics of the system can be
described by the time-dependent Schrodinger equation

ih%l/f(x, 1) =Hy(x,1). ()

In this work, we consider a one-dimensional boson gas (Lieb-
Liniger gas) in the presence of external potentials, whose
Hamiltonian H is written as

X w9

A= Z (‘ﬂa_x,z +V(x, r)) +g;‘ 8(xi —x)), ()
with m the mass of the particle, x; the position of the ith
particle, and g the 1D coupling constant decided by the 3D
scattering length a, and the transverse confinement potentials.
The external potential consists of two parts. It writes

V(x,t) = Vi(t)sin® (kx) + tmaw’x?, 3)

where the first term is the periodic lattice potential along x
direction with k = 7 /a the wave vector of the lattice, a the
lattice period, and V,(¢) the lattice depth, which is quenched
from V,(t =0) = V; to Vi(t > 0) = fo in the actual experi-
ment. The second term is the harmonic potential Vyr induced
by lattice beams along the transverse y—z directions with a
trapping frequency w.

Our experiment starts by preparing a nearly pure ¥’Rb
Bose-Einstein condensate (BEC) with atom number of about
8.0 x 10*, scattering length a; = 100.4ay, and temperature
below 30 nK. Notably, the finite temperature only influences
the relative intensity of the excitation spectrum and does not
shift the energy positions of the spectral peaks (see more de-
tails in the Supplemental Material S4 [42]). Then we load the
BEC into a three-dimensional optical lattice formed by three
pairs of orthogonal retroreflected laser beams. As illustrated in
Fig. 1(a), an array of one-dimensional tubes along x direction
is generated by two strong lasers along y and z directions,
forming 2D optical lattices with lattice depth V, = V, = 40E,,
with an uncertainty 5%—-10%. The weighted average atom
number in each tube is about N = 45. We further add one-
dimensional optical lattice V, (blue) along the tubes to carry
out the quench spectroscopy. Due to the longitudinal distribu-
tion of the y—z lattice beams, a Gaussian profile is superposed
to the x lattice, forming a harmonic trap in the center (black
dashed line).

Figure 1(b) gives the phase diagram of the corresponding
Bose-Hubbard model without the trap, H = —J > ,(& ;41 +
H.c.)+ % >R — 1) — wy_,; Ay, with J the tunneling be-
tween nearest neighbor, U the on-site interaction, and u the
chemical potential [26,31,43]. The Mott insulator lobe with
filling na = 1 appears in the strongly interacting regime, sur-
rounded by superfluid phase. Due to the existence of the
harmonic trap, the system can exhibit different phases at dif-
ferent sites. With the DMRG simulations (see details in the
Supplemental Material S2 [42]), we find three typical density
distributions [see inset of Fig. 1(b)]. At low enough potential,
the system is an inhomogeneous superfluid, and we name it
deep superfluid (D-SF) regime. Increasing the potential above
V.1 = 9E,, we find that the Mott plateaus appear and form the
typical wedding cake shape with a superfluid region na > 1 in
the middle. Further increasing the potential above V,, = 21E,,
the superfluid area with filling na > 1 even disappears and the
central part remains a large Mott plateau, which we name it
deep Mott regime (D-MI). The three typical cases correspond
to the three cuts (i)—(iii) in Fig. 1(b). According to this phase
diagram, we select the final state of the quench to make sure
the system is quenched into the D-MI or D-SF regime.

The time sequence of our experiment is shown in Fig. 1(c).
We load the y—z lattices V, =V, = 40E; to form 1D tubes,
which also causes the harmonic trap potential along the tubes
Vir. Correspondingly, the trap frequency of Vyr is @ = 2w %
57.9Hz with an uncertainty below 5%. We also load the x
lattice to the initial state of quench V, = V/ adiabatically in
80ms, and then hold the system for 20ms to reach equi-
librium. At the moment ¢t = 0 ms, the lattice depth V, is
suddenly changed to the final state v/, and then the system
evolves for a time 7,. Finally, we shut down all the lattices
and, after 30 ms ballistic expansion, we conduct the TOF
detection; the imaging resolution of our system is 6.45 um.
In Fig. 1(d), we show one typical example of the data we
obtain, for the case we quench from in = 18E, to V,gf = 22F,.
For the evolution time 7, varying from O to 12 ms, we can
get the momentum distribution n(k,, k,, #) from TOF imag-
ing along z direction. By integrating along y direction, we
obtain the time evolution of the 1D momentum distribution
n(k,,t). As suggested by Refs. [31,44,45], we can apply
Fourier transform to the k or ¢ variables, such that we can ob-
tain the spreading of one-body correlation function GV (x, t)
or the QSF S(k, w), correspondingly. Noted that due to the
breaking of translational invariance in the presence of Vyr,
GW(x, t) here represents the integrated correlation function,
which can be written as GV (x, t) = f dx'gV(x' + x, x') with
gV +x,x) = (T +x, )P (', 1)) the one-body corre-
lation function for the homogeneous case. For details about
data processing steps, see the Supplemental Material S3 [42].

Numerically, we simulate this model using the DMRG
method [46,47] and time evolving block decimation algo-
rithm based on TeNPy project [48]. For the initial state,
we apply the particle-number operator at different positions
to extract particle-number distribution n(R). For each step
of time evolution after quench, we apply the creation and
annihilation operators at different positions and extract the
one-body correlation function G (x, ¢). Then, we can com-
pute the momentum distribution n(k, t) and the QSF S(k, w)
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FIG. 1. The quench spectroscopy experiment. (a) Sketch of the experimental setup. With two strong lattice beams (y and z directions,
red arrow), we form a bunch of one-dimensional atomic tubes (red arrays in set). Along the third direction, a relatively weak lattice (x
direction, blue) is added, on top of the presenting harmonic trap (black dashed lines) induced by the y—z lattice beams. (b) Phase diagram for
one-dimensional Bose-Hubbard model around the Mott lobe na = 1. SF (red) and MI (blue) phases are found at weak and strong interaction
regimes, respectively. Graphs (i)—(iii) represent the three regimes we focused, as we changing the lattice depth along x direction V,. The typical
density distribution in real space is presented in the inset pictures. (c) The sequence of the quench spectroscope. Below ¢ = 0 ms, we load
the transverse lattices (y and z directions, red) and longitudinal lattices (x direction, blue) and hold the system for 20 ms. Correspondingly, a
harmonic trap potential Vyr is induced (black). At = 0 ms, we quench V,. Then, all lasers are shut down at# = 20 ms and we perform the TOF
detection. (d) Demonstration of data processing. From the TOF detection, we measure the momentum distribution evolution n(k, ¢ )(left). By
performing Fourier transform for parameter ¢ or k, we obtain the QSF S(k, w)(right top) or correlation spreading GV (x, t), correspondingly.

The insets show the top view.

by applying the Fourier transform. In the actual simulation,
we use L = 151a with open- boundary condition and various
particle numbers averaged over different tubes in accordance
with the experiment (see below and the Supplemental Material
S5 [42]).

Quench spectroscopy for different phases. Firstly, we focus
on the detection of the gap signal for the MI phase. With
the presence of harmonic trap, it is not guaranteed that the
information of the Mott gap still remains clearly in the QSF.
Therefore, we first fix the final lattice depth fo = 22F, in
the D-MI domain, and probe the QSF under different quench
amplitudes. More precisely, we set the initial lattice depths
in to 26E,, 24.5E,, and 23E,, respectively. For each condi-
tion, the evolution time after quench ¢, is gradually increased
to 12ms at a time interval of 0.2 ms. Under this condition,
the maximum frequency we can detect is wpax ~ 2.42U /K
with a resolution Aw =~ 0.08U /k, which is sufficient for our
observations. Right after the quench stage, we obtain the
momentum distribution evolution n(k,, t) by a 30 ms TOF
detection. As illustrated in Fig. 1(d), we calculated the cor-
responding QSF and the results are shown in Fig. 2.

In Figs. 2(a)-2(c), we show the amplitude of measured
QSF for different V/ to Vi = 22E,. The insets give the DMRG
results for the corresponding experimental parameters. The

DMRG simulation suggests that an energy gap A ~ U can
be observed. However, instead of a sharp line as in the ho-
mogeneous case, this signal has a broadening of the linewidth
wpmrg (fiw = U) = 0.164U. This can be understood by the
nondegenerate nearest-neighbor tunneling excitations inside
the Mott plateau with the presence of an inhomogeneous
trap. In practice, it provides an energy shift of AV (i) =
+(Virr (xig1) — Vi (%)) = £mw?a?(2i + 1)/2 for the excita-
tion between the ith and (i 4 1)th site, leading to a linewidth
w(liw = U) = mw?a*2imax + 1). According to the DMRG
simulation of the density profile, we have in,x = 21, which
is about half the width of the Mott plateau. It gives w(fiw =
U) =0.170U, which fits with our numerical simulation
within 4%. In our experimental data, we also detect such
a broadened signal around fiw = U, with width wex,(fiw =
U) = 0.212 £+ 0.023. This fits with our theoretical prediction
within 25%. Notably, the signals at w = 0 is also broadened
into an ellipse shape, which is probably due to the tube dis-
tributions in actual experiment, and this is confirmed in our
further DMRG calculation (see the Supplemental Material
S5 [42]). Besides, the signal is strongest for an intermediate
quench (V, = 24.5E, — 22F,), reflecting a balance between
too small quenches, which produce only weak deviations
from equilibrium, and too large ones, which overpopulate
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FIG. 2. QSF measured from the experiment when quenching
from different initial trap depth V to a lower final depth V/". (a). V| =
26E, to V/ = 22E,, (b) V! = 24.5E, to V/ = 22E,, (c) V! = 23E, to
v/ = 22E,, (d) V| = 6E, to V/ = 5E,. Panels (a)—(c) are in the deep
MI regime and panel (d) is in the deep SF regime. The values in each
figure result from the average over six sets of experimental data, and
the average relative error is around 20% (for details of error analysis,
see the Supplemental Material S6 [42]). Inset figures represent the
corresponding DMRG simulations. In panels (a)—(c), the blue and
green dashed lines are guidance for the eyes to view the broadened
peaks and momentum cutoff suggested by the simulation. The blue
dashed curves in panel (d) are the Bogoliubov spectral branch sug-
gested by the simulation result. The X axis represents k rescaled by
1/a, Y axis is w rescaled by U/h. The colorbars represent S(k, w)
rescaled by ah/U.

high-energy excitations and suppress the lowest branch. This
observation provides useful insights for optimizing quench
spectroscopy.

Moreover, both the experimental and the DMRG data
show that the quench spectral function exhibits a clear sup-
pression around ka = 7 /2, whereas a homogeneous system
remains continuous in k. This effect can be attributed to the
interference of two symmetric nearest-neighbor excitation,
which is proportional to (n|a,ax|0) 8(E, — fiw), with |n) ex-
cited state. In the Mott regime, the relevant excitations are
nearest-neighbor doublon-holon pairs such as &LR L 1a-r18)

and &R+1&£|g), which possess the same excitation energy and
therefore interfere. Substituting these states yields a cos(ka)
dependence of the matrix element, which vanishes at k = 7 /2
and accounts for the observed suppression. Furthermore, for
k > m /2, high quasimomentum modes are particularly sensi-
tive to phase coherence, so experimental decoherence further
reduces the observable spectral weight.

Even though the harmonic trap tends to blur the informa-
tion of the spectrum as discussed above, we can actually still
distinguish the MI phase from the SF phase. To further prove
this, we do the same experiment with the quench set from
Vi = 6E, to v/ = 5E,, see Fig. 2(d) with the inset showing
the corresponding DMRG calculation. Under this condition,

the system locates in the deep SF regime. In this picture, at
ka = 0, we can clearly see a continuous distribution in both
the experimental data and numerical simulations, which is the
signature of gapless properties for the SF regime. By plotting a
cut at ka = 0 and ka = 7 /5 for both of the four cases, we can
clearly distinguish the gap and gapless signature between MI
and SF phases, even with the presence of the harmonic trap.
Notably, in the simulation data for the case in Fig. 2(d), we
can also see a spectral branch extending from S(0, 0) (see the
blue dashed line, which is from the light yellow structure in
inset), which agrees with the prediction based on Bogoliubov
theory [49]. The strength of this spectral is only 2% of the
maximum at k far from zero, which cannot be fully observed
in actual experimental data due to the weakness of this signal.

Inverse quench and statistical analysis. To seek for better
signal of the spectrum of the D-MI phase, we further test
the inverse quench process, namely V| < V. The final state

is fixed at fo = 22F,, while the initial trap depths are set
to Vx‘ = 20E;, 19E;, and 18E; (see Fig. 3). We measure the
QSF while keeping the other experimental parameters the
same as in Figs. 2(a)-2(c). The first row in Fig. 3 is the
results normalized to Sy.xU/ah = 1. At the zero momentum
cut ka = 0, a clear gapped structure is observed for the case
Vi = 19E, and 18E,. However, the high-momentum signal is
weak. By setting the proper cutoff to the colorbars of each
plot, we improve the visibility of the information inside [see
Figs. 3(a2)-3(c2)]. The inset figures are the corresponding
DMRG results.

From these data, we can conclude that with the decreasing
of initial trap depth, the relative strength of the spectral branch
also decrease, but the structure of spectral is even clearer,
especially the high-momentum part. Moreover, comparing the
quench with decreasing lattice depths, we find this inverse
quench tends to give a better spectrum for our system. We
attribute this to the fact that with a smaller initial potential, the
corresponding equilibrium phase of V! enters the cake regime,
where more superfluid component enters into the density dis-
tributions with the presence of harmonic trap and the width
of the Mott plateau also decreases (see the Supplemental
Material S2 [42]). This causes additional gapless excitations
around /iw = 0 due to superfluid-Mott tunneling, and clearer
Mott gap excitation signals since the width of Mott plateau de-
creases. Notably, similarly as the cases in Figs. 2(a)-2(c), the
band at iw = U has a width w(hw = U) = 0.203 £ 0.015,
which fits the theoretical estimations within 20%. The main
signal of these bands also ends around k = 7 /2 as predicted
before.

We further evaluate the visibility of the energy gap in all the
obtained QSF above. According to the previous discussions,
the Mott insulator we detect has an energy gap U with a
blurred width w = 0.2U. Thus, we define the gap visibility
n as

T 1 U+w
n= é — 2w JU—w S(ka CU)d(,() (4)
L o [ Sk w)yde

with I, the average intensity within the area [+U — w, £U +
w] and I, the average intensity of [w, U — w]. Figure 4(a)
gives n at ka = 0 and ka = 7 /5 for all different experimental
parameters in Figs. 2 and 3. The data at V| = 6F, represent
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FIG. 3. Amplitude of QSF when quenching from different V!
to a higher fo = 22F, in the deep MI phase. Panels (a)-(c) are
cases quenching from different V; = 20E,, 19E,, and 18E; to a fixed
VXf = 22F,, respectively. Panels (al)—(cl) show the original QSF
with the same range of colorbar, while panels (a2)—(c2) adjust the
colorbar to reveal the detailed structure of the QSF. The values in
each figure result from the average over six sets of experimental data
and the average relative error is around 20%. Inset figures represent
the corresponding DMRG simulations. The blue and green dashed
lines are guidance for the eyes to view the broadened peaks and mo-
mentum cutoff suggested by the simulation. The axis and colorbars
represent the same meaning as in Fig. 2.

SF quench from 6F; to 5E;, and the others are MI quench
from different V/ to 22E,. The light green area is the line
n =1=x0.1 to guide the eyes. From the figure, we can see
that for the SF case, n(V/ = 6E,) is clearly less than 1. While
for the MI cases, n is larger than 1 for most of the cases.
Especially, for the cases in = 18E; and 19E,, n is the largest
and clearly more than the threshold 1 + 10% we set. This fits
with our previous statement that the case of the inverse quench
with slightly larger quench amplitude shows the most obvious
gap signals. Their QSF can be easily distinguished from the
SF one.

Furthermore, we quantitatively evaluate the energy gap by
estimating the position and width of the excited band. For
the measured S(k, w), we either take a cutoff at ka = /5
or perform an integral between ka = 0 and ka = 7 /2, and
evaluate the excited band position w, and width Aw, see
Figs. 4(d) and 4(e) correspondingly (see more details in the
Supplemental Material S6 [42]). From the integral method

y § A 1 1 r : 1 @
| & ka=w/5
=
1.0p é g 1
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Vi /E:
ka = 0 for 6F, ka = 0 for 19E,
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Sqopled 01 502f888--5 05
E 7% 14
0 @ Integral § Cut 0.0 $ Integral & Cut
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Vel Ex

FIG. 4. Visibility of the energy gap. (a) n for different exper-
iments. The blue and purple data points are calculated at cutting
ka = 0 and ka = 7 /5, respectively. The light green area is the line
n =1=£0.1 to guide the eyes. (b) Cutting at ka = 0 for SF quench.
(c) Cutting at ka = 0 for MI quench from 19E, to 22E,. The red
and yellow regions in panels (b) and (c) represent the spectral area
and gap area used to calculate 7. (d) Position of the energy gap.
The red dashed line shows the theory position 7iw/U = 1. (e) Band-
width of the energy gap. The red dashed line shows the position
hAw/U = 0.2. The blue and purple data points in panels (d) and (e)
are calculated according to integral and cut of S(k, w), respectively.

(blue circles), the average band position (equivalently gap
width) is fiwg/U = 1.024 £ 0.104 and the average bandwidth
is AAw/U = 0.208 £ 0.018. From the cut method (purple
diamonds), the average excited band position is fiw,/U =
1.031 £0.111 and the average bandwidth is hAw/U =
0.224 £ 0.022. They both fit with our conclusion that a gap
is observed at fiwg/U ~ 1 £0.1.

Conclusion. In conclusion, we implement a quench spec-
troscopy for one-dimensional Bose-Hubbard model in the
presence of harmonic trap. We observe a spectral branch at the
position predicted theoretically. In contrast to homogeneous
system, the spectral is a broadened area rather than a sharp
line due to the existence of the harmonic trap. And the spectral
has a cutoff at ka = /2 at the same time. We attribute these
phenomena to the nondegenerate nearest-neighbor excitations
caused by the harmonic confinement. Moreover, we study
the performance of the quench spectroscopy and compare
spectral visibility of various quenches. We can see an obvious
distinction between the two phases, and we find that we can
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obtain a clearer spectrum when we perform an inverse quench
with slightly larger quench amplitude.

Our research verifies the validity of quench spectroscopy
for detecting the excitation spectrum of many-body quantum
phases of 1D ultracold bosons in optical lattice with the
presence of a potential confinement. In addition to simulate
confined 1D Bose-Hubbard Model, it could also potentially
be applied to the research of other models, such as Bose
glass phase in disordered [44,45,50] or quasiperiodic systems
[38,51], dipolar XY model [52], quantum spin chain [53,54],
and dissipative non-Hermitian quantum lattice models [33].
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