
Journal of Physics:
Condensed Matter      

PAPER

Magnetic-field-induced deformation and spin-
resolved flat-band localization in a Lieb lattice
To cite this article: Nana Chang and Xiaoji Zhou 2026 J. Phys.: Condens. Matter 38 135503

 

View the article online for updates and enhancements.

You may also like
Photonic zero-energy modes in a metal-
based Lieb lattice
Ying Chen and Huanyang Chen

-

Effect of a flat band on a multiband two-
dimensional Lieb lattice with intra- and
interband interactions
Julián Faúndez, S G Magalhães, P S
Riseborough et al.

-

Symmetry analysis of the mono- and
bilayer Lieb-Kagome lattices
T F O Lara, E B Barros, T A S Pereira et
al.

-

This content was downloaded from IP address 162.105.99.37 on 08/04/2026 at 07:29

https://doi.org/10.1088/1361-648X/ae4f4a
/article/10.1088/1367-2630/ab56c1
/article/10.1088/1367-2630/ab56c1
/article/10.1088/1361-648X/ad2387
/article/10.1088/1361-648X/ad2387
/article/10.1088/1361-648X/ad2387
/article/10.1088/1361-648X/ae35f8
/article/10.1088/1361-648X/ae35f8


J. Phys.: Condens. Matter 38 (2026) 135503 https://doi.org/10.1088/1361-648X/ae4f4a

RECEIVED

9 November 2025

REVISED

25 January 2026

ACCEPTED FOR PUBLICATION

9 March 2026

PUBLISHED

2 April 2026

PAPER

Magnetic-field-induced deformation and spin-resolved flat-band
localization in a Lieb lattice
Nana Chang1 and Xiaoji Zhou1,2,∗

1 State Key Laboratory of Photonics and Communications, School of Electronics, Peking University, Beijing 100871, People’s Republic
of China

2 Institute of Carbon-based Thin Film Electronics, Peking University, Shanxi, Taiyuan 030012, People’s Republic of China
∗ Author to whom any correspondence should be addressed.

E-mail: xjzhou@pku.edu.cn and nnchangqq@gmail.com

Keywords: flat band, localization, Aharonov–Bohm caging, Lieb lattice, synthetic gauge field

Abstract
We investigate the magnetic-field-induced deformation of electronic bands in the Lieb lattice
within a tight-binding framework, focusing on the interplay between Aharonov–Bohm (AB)
caging and Zeeman splitting. By incorporating Peierls phases and Zeeman effects, we demonstrate
that magnetic flux can modulate the degeneracy and bandwidth of flat bands, leading to spin-
resolved localization phenomena. Specifically, at a perpendicular flux of ϕ = π, AB caging local-
izes particles into flat-band states, while Zeeman coupling lifts spin degeneracy and induces spin-
selective energy shifts. This stabilization of flat bands facilitates tunable, spin-selective transport
and magnetic responses. Our findings position the Lieb lattice as a versatile platform for quantum
simulation and spin-resolved control, with potential applications in synthetic systems such as
ultracold atoms, photonic lattices, and superconducting circuits. These results offer insights into
the controlled engineering of spin-resolved localization and flat-band physics, providing a pathway
for future experiments and applications in quantum materials.

1. Introduction

The Lieb lattice, experimentally realized in ultracold atomic lattices [1], photonic waveguide arrays [2],
Rydberg lattices [3], and programmable quantum circuits [4], has long served as a paradigmatic model
for exploring geometric frustration and localization in condensed matter systems, which features a per-
fectly dispersionless flat band intersecting dispersive bands at a Dirac-like point [5–7]. Its intrinsic flat
band at zero energy arises purely from lattice interference rather than from interactions [6–13], where
the vanishing kinetic energy enhances interaction effects, making them fertile ground for realizing exotic
quantum states. Owing to destructive interference, it hosts a perfectly flat band at zero energy in the
absence of external perturbations, making it an ideal platform for studying exotic quantum states.

Experimental realizations span ultracold atomic setups [1, 14, 15], photonic lattices [16], polariton
lattices [17], and superconducting circuits [4], making it an ideal platform for studying compact local-
ized states, Aharonov–Bohm (AB) caging, and flat-band related phenomena such as magnetism, super-
conductivity, and topological transport [14, 16, 18–24]. Owing to destructive interference, it hosts a per-
fectly flat band at zero energy in the absence of external perturbations, making it an ideal platform for
studying exotic quantum states. Experimental realizations span ultracold atomic setups [1, 14], photonic
lattices [16], polariton lattices [17], and superconducting circuits [4].

Similar to how thermal fluctuations modify Bloch oscillations in atomic systems [25], magnetic fields
can induce nontrivial band deformations in lattices, i.e. applying a perpendicular magnetic field to the
Lieb lattice modifies its band structure through two distinct mechanisms. The first is the orbital effect,
in which Peierls phases alter hopping amplitudes [21, 22]. At a magnetic flux of ϕ = π per plaquette,
destructive interference leads to the AB caging effect [2, 23, 26–32], where all eigenstates become strictly
localized and the spectrum collapses into dispersionless bands. This effect has been observed in photonic
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[16, 24], polaritonic, and ultracold-atom lattices. Note that for AB caging, in specific flux configura-
tions, quantum interference can confine particles to localized regions, resulting in completely flat bands.
This ‘caging’ phenomenon has profound implications for quantum transport, localization–delocalization
transitions, and correlated many-body states. The second is Zeeman effect [33–41], whereby the mag-
netic field couples to the spin degree of freedom, lifting spin degeneracy and inducing spin-resolved
shifts in the band dispersion. Note that Zeeman splitting, i.e. Spin-magnetic field coupling, introduces an
additional degree of band deformation, lifting degeneracies and enabling spin-resolved control of energy
spectra.

While the interplay between geometry and magnetic flux has been extensively investigated, the influ-
ence of spin degrees of freedom and Zeeman splitting remains less explored. In realistic systems, mag-
netic fields not only introduce Peierls phases but also induce Zeeman energy shifts, lifting the spin
degeneracy of the energy levels. This spin-dependent energy shift leads to spin-selective band deform-
ation, where spin-up and spin-down components experience distinct band reshaping and localization.
Understanding this interplay between Zeeman splitting and AB caging is crucial for engineering spin-
resolved flat bands and exploring spin-polarized transport phenomena in synthetic quantum systems.

In this work, we present a systematic study of magnetic field induced band deformation in the Lieb
lattice by simultaneously incorporating orbital Peierls phases and Zeeman spin splitting. section 2 out-
lines a detailed proposal for realizing a Lieb lattice in ultracold atom systems. The evolution of the band
structure in the absence of a magnetic field is analyzed in section 3, whereas the corresponding behavior
in the presence of a magnetic field is discussed in section 4. The density of states (DOS) as a function of
magnetic flux ϕ and Zeeman field Bz is presented in section 5, with particular emphasis on the regimes
ϕ= 0 and ϕ = π, where AB caging leads to pronounced flatness, and on its deformation under varying
Zeeman splitting. The corresponding analysis of the physical discussion for magnetic field induced band
deformation in a Lieb lattice is illustrated in section 6.

Furthermore, section 7 discusses the standard high-symmetry path in the two-dimensional Brillouin
zone of Lieb lattice. By computing DOS evolution across Zeeman fields, we reveal how the interplay
between gauge-induced localization and spin polarization drives band restructuring and energetic asym-
metry, which are relevant to current efforts in synthetic quantum systems, including cold atoms in
optical lattices [1, 42], topological photonic lattices [14, 32], and superconducting circuit arrays [4]. Our
results provide guiding principles for engineering tunable flat-band phenomena through combined mag-
netic control and spin manipulation. In addition, the conclusion holds in the section 8.

2. Engineering a Lieb lattice in ultracold atom systems

We consider noninteracting ultracold atoms loaded into a two-dimensional optical Lieb lattice, as illus-
trated in figure 1. The lattice can be generated by superimposing three standing-wave laser fields along
orthogonal directions [1], forming three inequivalent sites A, B, and C per unit cell. At zero magnetic
field, the tight-binding model features nearest-neighbor tunneling of amplitude t, yielding two dispers-
ive bands intersected by a dispersionless flat band at zero energy, resulting from destructive interference
among the sublattices.

Lattices are created by interfering laser beams to form periodic potentials that trap ultracold atoms.
For example, Lieb and kagome lattices have been used to create flat bands with minimal dispersion
[14, 15, 43–45]. These lattices can be tuned by adjusting the laser intensity and phase, allowing for the
observation of localization phenomena. Atoms (like 6Li, 87Rb) are cooled to near absolute zero using
magneto-optical traps and transferred into the optical lattice. One can observe band occupation and
momentum distribution, explore quantum dynamics, e.g. quenching or time evolution, even probe topo-
logical properties, especially when synthetic gauge fields are introduced.

The combination produces a lattice geometry featuring three sites per unit cell (A, B, and C) of a
Lieb lattice, showing the engineering process and the sketch in figures 1(a) and (b), respectively. The
superlattice term introduces additional potential minima at the plaquette centers, allowing for con-
trol of site-specific energies and tunnelings. The realization of a uniform synthetic magnetic flux and
the observation of AB caging in photonic lattices have been investigated theoretically [9, 46, 47] and
experimentally [2, 7, 32]. The optical potential used to realize the Lieb lattice geometry is constructed
by superimposing a primary square lattice with a longer-period superlattice. The resulting potential land-
scape is given by

V(x,y) =−Vs

[
cos2 (kx)+ cos2 (ky)

]
−Vp cos

2

(
kx

2

)
cos2

(
ky

2

)
, (1)
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Figure 1. Schematic illustration of the engineered Lieb lattice and its intrinsic band geometry. (a) Ultracold atoms (e.g. 6Li, 87Rb)
are laser-cooled and confined in a two-dimensional optical lattice generated by three standing-wave laser beams. (b) The res-
ulting Lieb lattice consists of three sublattices A (orange), B (green), and C (purple), forming a square-depleted geometry that
supports a characteristic flat band at zero energy.(c) The corresponding tight-binding band structure in the absence of external
fields exhibits a dispersionless flat band between two dispersive ones, serving as the basis for magnetic-field engineering of spin-
selective band deformation and Aharonov–Bohm caging.

where Vs denotes the depth of the primary square lattice, and Vp represents the strength of the superlat-
tice modulation. The wave vector k= 2π/λ corresponds to the wavelength λ of the laser beams.

Experimental realizations of artificial magnetic fields with ultracold atoms have been achieved in
optical lattices, where laser-assisted tunneling in tilted potentials generates spatially dependent com-
plex tunneling amplitudes. In such systems, atoms accumulate phase shifts equivalent to the AB phase,
enabling the direct implementation of the Hofstadter Hamiltonian and the observation of cyclotron
orbits [48, 49]. Furthermore, using two atomic spin states with opposite magnetic moments, these setups
naturally realize a time-reversal-symmetric Hamiltonian, providing a cold-atom platform for exploring
the quantum spin Hall effect [50–52]. Using scanning tunneling microscopy imaging, wave-function
mapping, and spectroscopy, the team directly probed the electronic structure, confirming hallmark
features of the Lieb lattice: Dirac cones, flat bands, and higher-order super-Lieb patterns at elevated
energies [53, 54].

As a result, the experimental schematic of a Lieb lattice implemented with ultracold atoms in an
Lieb optical lattice under a synthetic magnetic field, which consists of a 3D optical lattice, is shown in
figure 2. Note that an additional pair of laser beams (red arrows) with wave vectors |⃗k1| ≈ |⃗k2|= 2π/λK
and frequency difference ω = ω1 −ω2 =∆/h̄ is to restore resonant tunneling with complex amplitude
K. This realizes an effective flux ϕ = π/2 for | ↑⟩ atoms and −ϕ for | ↓⟩ atoms in figures 2(a) and (b),
respectively. Lieb lattice geometry features three inequivalent sites per unit cell. Complex hopping amp-
litudes are realized through laser-assisted tunneling, effectively generating a uniform artificial magnetic
flux ϕ per plaquette. The Peierls phases imprinted on the tunneling paths give rise to magnetic effects
analogous to those in the Hofstadter model.

3. Energy band in the absence of external field

Lieb lattice, a two-dimensional lattice with a specific arrangement of sites(corner sites(olive green), hori-
zontal edge sites(purple), and vertical edge sites(orange)) can be described using a tight-binding model,
which is shown in figure 1(b). The Hamiltonian for Lieb lattice in the absence of external fields is given
by the tight-binding Hamiltonian in real space

H=−t
∑
⟨i,j⟩

(
A†
i Bj+A†

i Cj+ h.c.
)
, (2)

where A†
i , B

†
j , C

†
j are creation operators on sublattices A, B, and C. The sum ⟨i, j⟩ runs over nearest

neighbors.
Then, the tight-binding Hamiltonian for Lieb lattice in the momentum space can be written as

H(k) = ϵ0I+ t
∑
δ

eik·δCδ, (3)
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Figure 2. Experimental schematic for realizing a spin-resolved Lieb lattice with ultracold atoms in an optical lattice under a syn-
thetic magnetic field. A three-dimensional optical lattice confines atoms such as 6Li or 87Rb, where the vertical lattice isolates

individual two-dimensional planes. The lattice constants within each plane are |d⃗i|= λi/2, where i = x,y. Along y, bare tun-
neling occurs with strength J, while tunneling along x is inhibited by a magnetic field gradient B′, which introduces an energy
offset between neighboring sites of (a)∆ for | ↑⟩ atoms and (b)∆ for | ↓⟩ atoms. Note that an additional pair of laser beams

(red arrows) with wave vectors |⃗k1| ≈ |⃗k2|= 2π/λK and frequency difference ω = ω1 −ω2 =∆/h̄ is to restore resonant tun-
neling with complex amplitude K. This realizes an effective flux of (a) ϕ = π/2 for | ↑⟩ atoms and (b) ϕ for | ↓⟩ atoms. The Lieb
lattice geometry features three inequivalent sites per unit cell. Complex hopping amplitudes are realized through laser-assisted
tunneling, effectively generating a uniform artificial magnetic flux ϕ per plaquette. For comparison, there hold the corresponding
primed parameters (k ′1 ,ω

′
1 ), (k

′
2 ,ω

′
2 ). (c) Energy bands for the Lieb lattice exposed in a magnetic field.

where ϵ0 is the on-site energy, t is the hopping parameter, δ represents the nearest-neighbor vectors, Cδ

are the hopping matrices. The energy dispersion relation is

(E− ϵ0)
3 − t2eikxae−ikxa (E− ϵ0)− t2eikyae−ikya (E− ϵ0) = 0. (4)

In the absence of magnetic and DC fields, the flat band in the Lieb lattice is characterized by zero dis-
persion. The energy of the flat band is determined by the on-site energies and the hopping parameters.
The flat band is highly degenerate, leading to enhanced electron–electron interactions and the emergence
of strongly correlated states [55]. When ϵ0 = 0, the band structure for the Lieb lattice in the absence
of any external field is as in figure 1(c). Due to the destructive interference of the electron wave func-
tions at the corner and edge sites [7, 9, 11–13, 55, 56], flat band exists, characterized by a dispersionless
energy band, where the energy remains constant regardless of the momentum of the particles. These lat-
tices can be tuned by adjusting the laser intensity and phase, allowing for the observation of localization
phenomena.

4. Energy band in the presence of a magnetic field

The tight-binding Hamiltonian for the Lieb lattice is constructed with nearest-neighbor hopping t= 1
and periodic boundary conditions on a 10 × 10 lattice. A perpendicular magnetic field introduces a
Peierls phase in the hopping amplitudes, implemented as a complex exponential factor along the y-
direction proportional to the flux ϕ per unit cell. The full Hamiltonian matrix of size 300 × 300 is diag-
onalized to obtain all eigenvalues, and the DOS is computed by histogramming these eigenvalues with
200 bins and proper normalization.

The DOS is computed by evaluating the spectrum of the tight-binding Hamiltonian and applying
Gaussian broadening to approximate the delta functions. Specifically, the DOS is given by

D(E) =
1

N
√
2πσ2

∑
n

exp

(
− (E− En)

2

2σ2

)
, (5)

where En are the eigenvalues of the Hamiltonian, N is the total number of eigenstates, and σ is the
broadening parameter. In our calculations, we choose σ= 0.05, which provides a smooth approximation
while preserving fine spectral features.

Figure 3 presents the magnetic-flux dependence of the DOS in the Lieb lattice. Figure 3(a) shows
the overall evolution of the DOS as the magnetic flux ϕ varies from 0 to 2π. With increasing ϕ, the
spectral weight redistributes and clear flattening of the bands emerges, signaling the onset of magnetic-
field-induced localization. At the special flux ϕ = π, as shown in (b), the system exhibits a sharp peak at

4
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Figure 3. (a) Density of states (DOS) of the Lieb lattice under various magnetic flux values ϕ = 0, π/2, π, 3π/2, and 2π, illus-
trating the spectral evolution and the emergence of band flattening as the magnetic field increases. (b) The DOS at ϕ = π, where
Aharonov–Bohm caging induces a prominent flat band at zero energy. (c) Absolute difference between the DOS at ϕ= 0 and
2π, confirming the recovery of magnetic periodicity. (d) Absolute difference between the DOS at ϕ = π/2 and 3π/2, highlight-
ing the field-reversal symmetry around ϕ = π. The data collectively demonstrate the π-periodic Aharonov–Bohm interference
pattern and the associated flattening of energy bands in the Lieb lattice.

zero energy, reflecting the formation of an Aharonov–Bohm cage that traps the wave functions on local
plaquettes.

In the presence of a uniform magnetic field, the effect of the flux is incorporated through the Peierls
substitution, whereby each nearest-neighbor hopping acquires a phase factor such that the accumu-
lated phase around an elementary plaquette equals the magnetic flux ϕ. In the Lieb lattice, the con-
nectivity of the lattice allows multiple equivalent hopping paths between neighboring sites, whose
quantum amplitudes interfere. At half a flux quantum per plaquette, ϕ = π the Peierls phases associ-
ated with these paths differ by a phase of π, resulting in complete destructive interference. Consequently,
all momentum-dependent hopping terms cancel exactly in the Bloch Hamiltonian. The resulting
Hamiltonian becomes independent of the crystal momentum, and all energy bands collapse into per-
fectly flat bands. This complete band flattening suppresses wave-packet dispersion and leads to strict loc-
alization of eigenstates within a finite cluster of lattice sites, a phenomenon known as AB caging. For
flux values different from ϕ = π, the destructive interference is incomplete, the momentum dependence
is restored, and the bands acquire a finite dispersion, lifting the caging effect.

To verify the periodicity of the magnetic response, figure 3(c) compares the DOS at ϕ= 0 and 2π,
showing that their difference nearly vanishes, consistent with the 2π periodicity of the Peierls phase.
Finally, panel (d) contrasts the DOS between ϕ = π/2 and 3π/2, demonstrating a clear field-reversal
symmetry about ϕ = π. Together, these results visualize the π-periodic band deformation and the emer-
gence of flat bands associated with the Aharonov–Bohm caging effect.

Upon introducing a synthetic magnetic flux and Zeeman field, the system evolves into a spin-
resolved configuration as shown in figure 2. A magnetic-field gradient B′ induces spin-dependent on-site
offsets ∆σ through Zeeman splitting, while two Raman beams restore resonant tunneling with complex
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amplitude Keiϕσ , generating an effective flux ϕσ per plaquette. This setup enables independent control of
ϕ↑ and ϕ↓, resulting in spin-dependent Peierls phases and tunable Zeeman shifts.

Such synthetic gauge fields have been experimentally realized via laser-assisted tunneling in tilted
optical lattices [48, 49]. Atoms accumulate AB phases equivalent to a magnetic flux, effectively imple-
menting the Hofstadter Hamiltonian. Using two spin states with opposite magnetic moments naturally
realizes a time-reversal-symmetric configuration, paving the way for spin-resolved AB caging and flat-
band engineering in synthetic quantum systems [7, 57]. We consider a tight-binding Hamiltonian on a
two-dimensional Lieb lattice under the influence of both a uniform magnetic field and a Zeeman field.
The system contains three sublattices per unit cell and is defined on a Lx× Ly square grid with periodic
boundary conditions. The magnetic field is introduced via Peierls substitution, which assigns complex
hopping phases according to the vector potential. For a magnetic flux ϕ per plaquette, the hopping along
the A–C bonds acquires position-dependent Peierls phases e±i2πϕx/2π , while the A–B bonds remain
unmodified. Including Zeeman effect as a spin-dependent onsite energy shift, the total Hamiltonian
becomes spin-block-diagonal, i.e.

Htotal =

(
H0 +BzI 0

0 H0 −BzI

)
, (6)

where H0 is the spinless tight-binding Hamiltonian with magnetic flux, and Bz is the out-of-plane
Zeeman field strength.

The DOS is computed by diagonalizing Htotal and applying Gaussian broadening

D(E) =
1√
2πσ

∑
n

exp

[
− (E− En)

2

2σ2

]
, (7)

with σ= 0.05 and energy sampled over a grid E ∈ [−4,4].

5. Zeeman-induced spin splitting of DOS atϕ= 0 andϕ = π

To further characterize the influence of Zeeman splitting on the magnetic-field-induced localization, we
calculate the DOS and the corresponding band flatness parameter η as shown in figure 4. At ϕ = π and
Bz = 0, the flat band produces a pronounced delta-like DOS peak, reflecting the complete Aharonov–
Bohm caging of wave functions. As the Zeeman field increases, this peak broadens and splits into two
spin-resolved components, signaling the spin-selective breakdown of perfect localization. The quantitative
flatness measure η =W−1, defined as the inverse of the bandwidth W, decreases asymmetrically for the
two spin branches, demonstrating that the interplay between Zeeman energy and Peierls phase deforms
the originally dispersionless band in a controllable manner. Such spin-dependent flatness modulation
offers a feasible route to engineer tunable localization and correlated phases in synthetic Lieb lattices.

The stark difference between the ϕ= 0 and ϕ = π cases highlights the role of magnetic flux in shap-
ing the spectral flatness and its sensitivity to Zeeman perturbations. The ϕ = π flat band is particu-
larly susceptible to spin splitting due to its highly localized nature, while the ϕ= 0 states respond more
smoothly due to their dispersive character. These features are of interest for cold atom emulations of
flat-band systems, as well as for exploring interaction effects in spin-split flat-band platforms.

6. Physical discussion

The application of a perpendicular magnetic flux ϕ threading each unit cell modifies the band structure
through complex hopping phases introduced by the Peierls substitution. This results in the splitting of
the energy bands into magnetic subbands, which can exhibit fractal-like patterns (e.g. Hofstadter butter-
fly) at rational values of the flux.

In Lieb lattice, the presence of magnetic field notably affects the flat band by inducing band splitting
and opening of gaps. The interference between hopping paths due to the magnetic field alters localiza-
tion properties and modifies the DOS. At ϕ = π, these effects are especially pronounced, causing signi-
ficant rearrangement of the energy levels and the formation of distinctive spectral features arising from
the lattice symmetry and magnetic flux.

6



J. Phys.: Condens. Matter 38 (2026) 135503 N Chang and X Zhou

Figure 4. Evolution of the density of states (DOS) and band flatness in the Lieb lattice as functions of magnetic flux ϕ and
Zeeman splitting Bz. (a)–(c) show the Gaussian-broadened DOS for different Zeeman strengths, where the sharp delta-like peak
at ϕ = π gradually broadens and splits with increasing Bz, indicating the breakdown of perfect Aharonov–Bohm (AB) caging.
(d) Quantitative flatness measure η =W−1 (the inverse of the bandwidthW) reveals a spin-selective reduction of band flatness,
highlighting the tunable localization-to-dispersion crossover driven by the interplay between Peierls phase and Zeeman energy.

6.1. AB effect
When a magnetic field is applied perpendicular to the Lieb lattice, the Hamiltonian is modified to
include the vector potential A

HB =−t
∑
⟨i,j⟩

ei
e
h̄c

´ j
i A·dr

(
c†i cj+ h.c.

)
+
∑
i

ϵi c
†
i ci. (8)

AB effect (ϕ = π) profoundly influences electron motion in a Lieb lattice by inducing phase shifts that
lead to destructive interference and electron localization [58].This effect, known as AB caging, results in
perfectly flat bands in the energy spectrum. However, the presence of electron–electron interactions can
disrupt this caging effect, leading to delocalization and changes in the electronic properties of lattice.

Thus, the Hamiltonian for the Lieb lattice with AB cage effect can be written as

H=
∑
m,n

(
tAB
(
eiθm,nc†Am,n

cBm,n + h.c.
)
+ tAC

(
c†Am,n

cCm,n + h.c.
)
+ tBC

(
c†Bm,n

cCm,n + h.c.
))

, (9)

where tAB, tAC, and tBC are the hopping parameters between different sites, c† and c are the creation and
annihilation operators, respectively, and θm,n = αm represents the phase shift due to the magnetic field,
with α being the magnetic flux through the unit cell. The Magnetic Field Strength, i.e. magnetic flux ϕ
through each unit cell is given by ϕ = αϕ0, where ϕ0 = h/e is the flux quantum. For the AB cage effect
to be significant, α is typically chosen to be 1/2, corresponding to a flux of ϕ = ϕ0/2.

7
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To calculate the energy bands, we consider the tight-binding model in the momentum space. The
Bloch Hamiltonian for the Lieb lattice with the AB cage effect can be written as

H(k) = tAB
(
ei(kx+α)σx+ e−i(kx+α)σx

)
+ tAC

(
eikyσy+ e−ikyσy

)
+ tBC

(
eikxσz + e−ikxσz

)
, (10)

where (k= (kx,ky)) is the wave vector, and (σx), (σy), (σz) are the Pauli matrices. The energy bands are
obtained by solving the eigenvalue problem H(k)ψ = E(k)ψ. For α= 1/2(The ratio of the magnetic flux
in each unit cell to 2π), the energy bands exhibit significant changes due to the AB cage effect. The flat
band becomes completely flat, and the other bands show non-trivial dispersion. The energy bands can
be plotted as a function of the wave vector (k).

Thus, AB cage effect significantly alters the energy band structure of the Lieb lattice, leading to the
complete flattening of the flat band and non-trivial dispersion of other bands, which introduces a phase
shift in the electron wave functions, altering the interference patterns and, consequently, the energy levels
of the flat band. In the Lieb lattice, the AB effect can lead to a dispersion of the flat band, meaning that
the originally flat band can acquire a non-zero bandwidth. This dispersion arises because the phase shift
depends on the electron’s path and the magnetic flux through the loops formed by the lattice sites. The
energy levels of the flat band can change and spread out, leading to a more complex band structure.
This effect provides a unique platform for studying the interplay between magnetic fields and electronic
states in two-dimensional lattices.

6.2. Zeeman splitting
The application of a magnetic field to the Lieb lattice can significantly affect the energy levels of the
flat band through several key mechanisms: the Zeeman effect, AB effect, and modifications to the band
structure. Zeeman effect arises because electrons have an intrinsic magnetic moment due to their spin.
When a magnetic field is applied, this magnetic moment interacts with the field, causing the energy
levels to split. This splitting is proportional to the strength of the magnetic field and the spin orient-
ation of the electrons. This splitting lifts the degeneracy of the flat band and affects the overall energy
structure,

HZ =
1

2
gµBB

∑
i

σzc
†
i ci, (11)

where g is the Landé g-factor (typically g≈ 2 for electrons), µB is the Bohr magneton µB =
eh̄
2me

, B is the

magnetic field strength, σz is the Pauli matrix for spin, c†i and ci are the creation and annihilation oper-
ators for electrons at site i.

Here, the Landé g-factor is treated as an effective constant parameter within the tight-binding frame-
work, in contrast to momentum-dependent treatments commonly used k⃗ · p⃗ in approaches.

Zeeman effect lifts the spin degeneracy, resulting in spin-resolved band splitting. In the absence of a
magnetic field, the flat band is typically spin-degenerate (i.e. electrons with spin up and spin down have
the same energy). With a magnetic field, the energy levels split into two branches corresponding to spin-
up and spin-down electrons(see figure 5). This splitting is linear with the magnetic field strength

Espin-up = E0 +
1

2
gµBB,

Espin-down = E0 −
1

2
gµBB,

(12)

where E0 is the energy of the flat band in the absence of the magnetic field. Therefore, the energy-level
splitting is given by

∆E= Espin-up − Espin-down = gµBB, (13)

which represents the linear form of the Zeeman splitting, valid in the weak magnetic field
approximation.

7. High-symmetry points in the Brillouin zone

The band structures are calculated along a standard high-symmetry path in the two-dimensional
Brillouin zone of the Lieb lattice. The chosen path is Γ→ X→M→ Γ, where the high-symmetry points
correspond to Γ = (0,0),X= (π,0),M= (π,π). These points represent special locations in the reciprocal

8
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Figure 5. The influence of Zeeman effect on the energy structure of a Lieb lattice in the presence of magnetic field, i.e. the
flat band of the energy levels split into two branches corresponding to spin-up Espin−up and spin-down Espin−down electrons,
respectively.

space that reflect the underlying lattice symmetries and boundary conditions. Calculating the energy
bands along this path captures the essential features of the dispersion relations and allows one to identify
critical phenomena such as band crossings, gaps, and flat bands. Therefore, this choice of high-symmetry
path enables clear and physically meaningful comparisons between different scenarios, such as zero mag-
netic flux, ϕ = π flux exhibiting AB caging, and various Zeeman field strengths inducing spin splitting.

The band structures shown in figures 6(a) and (c) are plotted along the high-symmetry path Γ→
X→M→ Γ in the two-dimensional Brillouin zone of the Lieb lattice, where Γ = (0,0), X= (π,0), and
M= (π,π). This path captures the essential features of the lattice’s band topology and allows clear visu-
alization of magnetic flux and Zeeman-induced effects.

Figure 6(a) compares the band structures without magnetic flux ϕ= 0 and with maximal flux ϕ = π.
The application of ϕ = π induces the AB caging effect, leading to perfectly flat energy bands across the
Brillouin zone. These flat bands indicate complete localization of wavefunctions due to destructive inter-
ference caused by the magnetic phases. The corresponding DOS in figure 6(b) reflects these changes: the
flat bands at ϕ = π produce sharp, delta-function-like peaks, contrasting with the broader DOS at ϕ= 0.
Figures 6(c) and (d) extend the analysis by including Zeeman splitting under various out-of-plane mag-
netic fields Bz. The spin degeneracy is lifted, doubling the number of bands to six, with clear splitting
proportional to Bz. This spin splitting modifies both the band dispersion and the DOS, which gradu-
ally evolves from sharp single peaks into multiple spin-polarized peaks, indicating spin-resolved localized
states.

Figures 6(a) and (b) show the flattening of the energy bands and the emergence of a prominent
zero-energy peak in the DOS at ϕ = π, reflecting the AB caging effect and the corresponding localization
of electronic states. In contrast, figures 6(c) and (d) reveal the spin-dependent deformation of bands and
splitting of the flat band into spin-polarized subbands as the Zeeman energy Bz increases. This splitting
leads to additional fine structure in the DOS, with clear signatures of band separation and spin-resolved
flattening.

Lieb lattice provides a paradigmatic platform to study the interplay of magnetic field effects on band
topology and localization phenomena. Experimental advances in controlling excited-band lifetimes
via lattice-depth optimization [59] highlight the practicality of realizing and probing band deforma-
tion effects in optical Lieb lattices. The introduction of a uniform magnetic flux ϕ through the lattice
plaquettes induces Peierls phases, modifying the hopping amplitudes and leading to the celebrated AB
caging effect at ϕ = π. This effect manifests as complete flattening of energy bands, reflecting perfectly
localized eigenstates that cannot propagate due to destructive interference of electron wavefunctions.

Consequently, the combination of Zeeman splitting and AB-induced dispersion can lead to a rich
variety of energy level structures. The flat band can split into multiple sub-bands with different disper-
sions. The energy levels of the flat band can shift upwards or downwards depending on the spin orient-
ation and the specific path taken by the electrons in the lattice. In some cases, the magnetic field can
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Figure 6. (a) Band structures of the Lieb lattice along the high-symmetry path Γ→ X→M→ Γ for magnetic flux ϕ= 0 (solid
blue lines) and ϕ = π (dashed red lines). The flat bands at ϕ = π result from the AB caging effect. (b) Corresponding DOS for
ϕ= 0 and ϕ = π, illustrating the emergence of flat bands as sharp peaks in the DOS at ϕ = π. (c) Band structures at ϕ = π with
Zeeman splitting induced by various Bz fields (colors indicate different Zeeman strengths), showing spin-resolved splitting of the
previously flat bands into six spin-polarized bands. (d) Corresponding DOS with Zeeman splitting, revealing the gradual splitting
and broadening of flat-band peaks with increasing Bz. The high-symmetry points in the Brillouin zone are Γ = (0,0), X= (π,0)
andM= (π,π).

induce transitions between different quantum states, leading to the emergence of new phases or states
of matter (e.g. fractional quantum Hall states). These effects highlight the interplay between quantum
mechanics and external fields, and they provide a rich playground for exploring novel quantum phe-
nomena in condensed matter systems.

8. Conclusion

In summary, we have explored the magnetic-field-induced band deformation in the Lieb lattice by incor-
porating both the Peierls substitution and Zeeman splitting. Our calculations reveal a coherent picture in
which AB caging and spin-selective Zeeman coupling act in concert to reshape the flat bands, localiza-
tion, and spin textures. The interplay between magnetic flux and spin splitting thus provides a versatile
and controllable means of engineering flatness and magnetic responses in synthetic lattices. By system-
atically analyzing the evolution of the energy bands, DOS, and spin-resolved structures, we demonstrate
that the π-flux condition leads to complete destructive interference and localized flat bands, while the
Zeeman term introduces a tunable spin-resolved deformation of these bands. This dual control mech-
anism bridges magnetic interference and spin physics within a unified framework and highlights the
spin-selective nature of AB caging.The inclusion of weak interaction effects constitutes a natural and
experimentally relevant extension of the present work, and may enable the exploration of correlated and
nonequilibrium phenomena in flat-band systems under synthetic magnetic fields.

Recent experimental advances in engineered lattice systems provide a timely and realistic context
for our theoretical results. Magnetic-field-induced band deformation, flat-band localization, and spin-
resolved control have been experimentally demonstrated across a range of platforms, including ultracold
atoms with synthetic gauge fields [60, 61], photonic Lieb and flat-band lattices [62, 63], and engineered
synthetic lattices such as superconducting, microwave, and Rydberg-atom systems [64, 65]. In particular,
the realization of artificial magnetic flux and controllable band engineering in ultracold atoms, together
with observations of flat-band localization in photonic and driven-dissipative lattices, highlights the
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experimental accessibility of the interference-driven mechanisms discussed here. Recent Rydberg-atom
synthetic lattice experiments further extend these ideas toward regimes where interactions and nonequi-
librium effects become important. These developments place our work within a rapidly evolving experi-
mental landscape and underscore its relevance to ongoing and future studies of flat-band physics under
synthetic magnetic fields.

With the rapid progress of quantum simulation techniques, the Lieb lattice has emerged as a prom-
ising platform to experimentally probe such field-driven phenomena. The tunability of ultracold atoms,
photonic lattices, and circuit-QED arrays enables the realization of synthetic magnetic fields and control-
lable spin degrees of freedom. Our study therefore provides both conceptual and quantitative guidance
for flat-band engineering and spin-controlled localization, offering insight for future exploration of cor-
related and topological phases in designer lattice geometries.
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